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• Everything on course website / Moodle 

• 4 credit points

• 2 hrs. lecture, 2 hr. tutorial (Tutorial covers new material)

• 4 homework assignments + Final Project

• All communication through Moodle

Logistics - Reminder



Supervised Learning

E.g. Image denoising

E.g. Object localization

E.g. Image classification

Regression Classification
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Spam Not Spam

Binary Classification
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• Samples: 𝑥𝑖 ∈ ℛ𝑑 , 𝑦𝑖 ∈ {0,1}

• 𝑥𝑖 - text message features, 𝑦𝑖 = ቊ
1, 𝑠𝑝𝑎𝑚
0, 𝑛𝑜𝑡 𝑠𝑝𝑎𝑚

• Training Set: 𝑥𝑖 , 𝑦𝑖 𝑖=1
𝑚

• Hypothesis: ℎ:ℛ𝑑 → 0,1 , parameterized by 𝜃

Binary Classification
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• 𝜃 = 𝑊, 𝑏 , ℎ𝑊,𝑏 𝑥𝑖 = 1 𝑊𝑥𝑖 + 𝑏 > 0

• Assume:

𝑥𝑖 =
𝑥𝑖
1

𝑥𝑖
2 ∈ ℛ2,W ∈ ℛ1×2, 𝑏 ∈ ℛ

𝑥2

𝑥1

Decision boundary

1

0

Linear Classifier Indicator 
function
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• How to find good 𝑊, 𝑏?

• How to interpret the results?

• Only intuitive, not measureable

𝑊𝑥1 + 𝑏 = 𝟏𝟎𝟎𝟎
⇒ ℎ𝑊,𝑏 𝑥1 = 1

For sure!

𝑊𝑥2 + 𝑏 = 𝟎. 𝟔
⇒ ℎ𝑊,𝑏 𝑥2 = 1

Possibly…

𝑥2

𝑥1

1

0

ℎ𝜃 𝑥𝑖 = 1 𝑊𝑥𝑖 + 𝑏 > 0 𝑥1

𝑥2

Linear Classifier
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• Interpretable results

• Linear decision boundary

• Easy to find 𝑊, 𝑏

Logistic Regression (Classification)



𝑊𝑥 + 𝑏→ probability
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𝑧 = 𝑊𝑥 + 𝑏 ⇒ 𝜎 𝑧 =
1

1 + 𝑒−𝑧

𝑧

𝜎(𝑧)

0.5

1

Now, our final prediction:
ℎ𝑊,𝑏 𝑥𝑖 = 1 𝜎(𝑧) > 0.5

Interpretation: 𝝈(𝒛) = 𝐏𝐫(𝒚𝒊 = 𝟏|𝒙𝒊;𝑾, 𝒃)

𝑊𝑥2 + 𝑏 𝑊𝑥1 + 𝑏

Note: 1 − 𝜎 𝑧 = 𝐏𝐫(𝒚𝒊 = 𝟎|𝒙𝒊;𝑾, 𝒃)

Sigmoid (Logistic Function)
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Final prediction:
ℎ𝑊,𝑏 𝑥𝑖 = 1 𝜎(𝑧) > 0.5

𝝈(𝒛) = 𝐏𝐫(𝒚𝒊 = 𝟏|𝒙𝒊;𝑾, 𝒃)

1 − 𝜎 𝑧 = 𝐏𝐫(𝒚𝒊 = 𝟎|𝒙𝒊;𝑾, 𝒃)

Predicting 
highest 

probability 
event

Sigmoid (Logistic Function)
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• Interpretable results

• Linear decision boundary

• Easy to find 𝑊, 𝑏

Logistic Regression



𝜎 𝑧 > 0.5

⟺ 𝑧 > 0

⇒ Linear decision boundary
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ℎ𝑊,𝑏 𝑥𝑖 = 1 𝜎(𝑧) > 0.5

𝑧 = 𝑊𝑥 + 𝑏

Sigmoid (Logistic Function)

𝑧

𝜎(𝑧)

0.5

1



DL4CV Weizmann

• Interpretable results

• Linear decision boundary

• Easy to find 𝑊, 𝑏

Logistic Regression



ConvexNon-convex
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• Define a convex cost function ℒ

• ℒ penalizes errors
• Wrong prediction, large penalty: ℒ → ∞

• Correct prediction, small penalty: ℒ → 0

• Use gradient descent to update 𝑊, 𝑏

How to find good 𝑊, 𝑏?
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• Prediction: ෝ𝑦𝑖 = 𝜎 𝑧 = 𝜎(𝑊𝑥 + 𝑏)

• Label (GT): 𝑦𝑖

ℒ𝑖 = 𝑦𝑖 ⋅ (− log ෝ𝑦𝑖) + 1 − 𝑦𝑖 ⋅ (− log 1 − ෝ𝑦𝑖 )

• Note that 𝑦𝑖 ∈ 0,1 , ෝ𝑦𝑖 ∈ (0,1)

• Is this cost function good?

• Convex w.r.t 𝑊,𝑏✓

• Penalizes wrong predictions ✓

Pr[𝑦𝑖 = 1|𝑥𝑖]
Cross-Entropy Loss

ℒ𝑖 = 𝑦𝑖 ⋅ (− log ෝ𝑦𝑖) + 1 − 𝑦𝑖 ⋅ (− log 1 − ෝ𝑦𝑖 )
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𝒚𝒊 = 𝟎 𝒚𝒊 = 𝟏

ෝ𝐲𝐢 → 𝟎 ℒi → 0 ℒi → ∞

ෝ𝐲𝐢 → 𝟏 ℒi → ∞ ℒi → 0

ℒ𝑖 = 𝑦𝑖 ⋅ (− log ෝ𝑦𝑖) + 1 − 𝑦𝑖 ⋅ (− log 1 − ෝ𝑦𝑖 )

Cross-Entropy Loss
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• Entropy (information theory) – measures “uncertainty”:
• Uncertain – all events have the same probability

• Certain – only one event possible

• Formally: 𝐻 𝑋 = −σ𝑥∈𝑋 𝑝 𝑥 log 𝑝(𝑥)
• Expected number of bits to represent an event

• Cross-entropy: have only 𝑞(𝑥) - an approximation of 𝑝(𝑥)

• How many bits are needed now? 

• Formally: 𝐻 𝑝, 𝑞 = −σ𝑥∈𝑋 𝑝 𝑥 log 𝑞(𝑥)
• Minimal when 𝑞 = 𝑝

Cross-Entropy Loss - Intuition
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• How is it related to us?

• Want to learn 𝑊, 𝑏, such that:
𝜎 𝑊𝑥𝑖 + 𝑏 = ෝ𝑦𝑖 = 𝑞 𝑦𝑖 = 1|𝑥𝑖 ;𝑊, 𝑏 ≈ 𝑝(𝑦𝑖 = 1|𝑥𝑖)

• Note: 𝑞 𝑦𝑖 = 0|𝑥𝑖 ;𝑊, 𝑏 = 1 − 𝑞 𝑦𝑖 = 1|𝑥𝑖 ;𝑊, 𝑏 = 1 − ෝ𝑦𝑖

𝐻 𝑝, 𝑞 = −

𝑥∈𝑋

𝑝 𝑥 log 𝑞 𝑥

Cross-Entropy Loss - Intuition



DL4CV Weizmann

• During training - known label:

𝑝 𝑦𝑖 = 1 𝑥𝑖 = ቊ
1, 𝑦𝑖 = 1
0, 𝑦𝑖 = 0

= ቊ
𝑦𝑖 , 𝑦𝑖 = 1
𝑦𝑖 , 𝑦𝑖 = 0

= 𝑦𝑖

⇒ 𝑝 𝑦𝑖 = 0 𝑥𝑖 = 1 − 𝑦𝑖
• Finally:

𝐻 𝑝, 𝑞 = −𝑝 𝑦𝑖 = 1 𝑥𝑖 ⋅ log ෝ𝑦𝑖 −𝑝 𝑦𝑖 = 0 𝑥𝑖 ⋅ log 1 − ෝ𝑦𝑖
= 𝑦𝑖 ⋅ (− log ෝ𝑦𝑖) + 1 − 𝑦𝑖 ⋅ (− log 1 − ෝ𝑦𝑖 )

= ℒ𝑖

𝐻 𝑝, 𝑞 = −

𝑥∈𝑋

𝑝 𝑥 log 𝑞 𝑥

Cross-Entropy Loss - Intuition
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• Define a convex cost function ℒ

• ℒ penalizes errors
• Wrong prediction, large penalty: ℒ → ∞

• Correct prediction, small penalty: ℒ → 0

• Use gradient descent to update 𝑊, 𝑏

How to find good 𝑊, 𝑏?
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𝑥𝑖 ∈ ℛ𝑑×1, 𝑦𝑖 ∈ {0,1}

ෝ𝑦𝑖 = 𝜎(𝑊𝑥𝑖 + 𝑏) (𝑊 ∈ ℛ1×𝑑 , 𝑏 ∈ ℛ ⇒ ෝ𝑦𝑖 ∈ 0,1 )

ℒ𝑖 = 𝑦𝑖 ⋅ − log ෝ𝑦𝑖 + 1 − 𝑦𝑖 ⋅ − log 1 − ෝ𝑦𝑖

𝑊 ← 𝑊 − 𝛼 ⋅
𝜕ℒ𝑖

𝜕𝑊
= 𝑊 − 𝛼 ⋅ 𝑥𝑖

𝑇(ෝ𝑦𝑖 − 𝑦𝑖)

𝑏 ← 𝑏 − 𝛼 ⋅
𝜕ℒ𝑖

𝜕𝑏
= 𝑏 − 𝛼 ⋅ (ෝ𝑦𝑖 − 𝑦𝑖)

Find prediction

Calculate Loss

Update bias

Update weights

Gradient Descent – Single Sample
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Repeat until convergence:

Sample a mini batch 𝑥𝑖 , 𝑦𝑖 𝑖=1
𝑚 :

Calculate ℒ𝑖 for each pair

ℒ =
1

𝑚
σ𝑖 ℒ𝑖

𝑊 ← 𝑊 − 𝛼 ⋅
𝜕ℒ

𝜕𝑊

𝑏 ← 𝑏 − 𝛼 ⋅
𝜕ℒ

𝜕𝑏

Stochastic Mini-Batch Gradient Descent



𝐴 𝑆 = ℎ

Hypothesis 
class

ℋ = ℎ1, ℎ2…

Loss
ℒ

Optimization 
method

Training setLearning 
Algorithm

Hypothesis

ℋ = ℎ𝑊,𝑏 𝑥𝑖 = 1 𝜎 𝑊𝑥𝑖 + 𝑏 > 0.5 Cross-entropy loss SGD

Supervised Learning – Logistic Regression
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• Binary classification

• Linear (𝑊𝑥 + 𝑏)

• Sigmoid for interpretable (probability) output

• Predict highest probability event 

• Learning:

• Cross-entropy loss (convex, penalizes mistakes)

• Gradient descent to update weights and bias

Probability 
Regression

Logistic Regression - Summary
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Multi Class Classification
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Spam Not SpamMaybe

Multi Class Classification
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• 𝐶 classes

• Samples: 𝑥𝑖 ∈ ℛ𝑑 , 𝑦𝑖 ∈ [𝐶]

• 𝑥𝑖 - text message features, 𝑦𝑖 = ቐ

2, 𝑚𝑎𝑦𝑏𝑒
1, 𝑠𝑝𝑎𝑚
0, 𝑛𝑜𝑡 𝑠𝑝𝑎𝑚

• Training Set: 𝑥𝑖 , 𝑦𝑖 𝑖=1
𝑚

• Hypothesis: ℎ:ℛ𝑑 → [𝑪], parameterized by 𝜃

Multi Class Classification
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• Generalizing Logistic Regression, binary → multi-class

• Begin with Linear Transformation (𝑧 = 𝑊𝑥 + 𝑏)

• Apply non-linearity to transform 𝑧 to ො𝑦 (probability)

• Final prediction – pick the event with highest probability

Sigmoid (Logistic function) Softmax

Logistic Regression Softmax classifier

𝑊 ∈ ℛ1×𝑑 , 𝑏 ∈ ℛ 𝑊 ∈ ℛ𝑪×𝑑 , 𝑏 ∈ ℛ𝑪

1 ො𝑦 > 0.5 𝑎𝑟𝑔𝑚𝑎𝑥(ො𝑦)

Similar Learning:
1. Cross-entropy loss
2. SGD

𝐶 dimensional 𝑧
𝑧𝑗 = 𝑗’th class score

Softmax Classifier
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Given a text 𝑥𝑖: Not Spam (0), Spam(1) or Maybe (2)

𝑾

1 0 1 0

0 1 0 1

0 0 1 1

𝒃

-1

2

-2

𝒙𝒊
1

4

5

3

𝑧

5

9

6

𝑒𝑧

𝑒5

𝑒9

𝑒6

𝑓 𝑧

𝑒5

𝑒9

𝑒6
⋅

1

𝑒5 + 𝑒9 + 𝑒6

ෝ𝑦𝑖
0.02

𝟎. 𝟗𝟑

0.05

𝟗𝟑% Spam!

2% Not Spam

5% Maybe

ෝ𝒚𝒊 - Probability distribution

ෝ𝒚𝒊 [𝒋] - Predicted probability that the class is 𝒋

Softmax Function - Example
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Converting 𝑧 to probability distribution over the classes 𝐶:

𝑧 = 𝑊𝑥 + 𝑏, 𝑧 ∈ ℛ𝐶

⇒ 𝑓 𝑧 𝑖 =
𝑒𝑧

𝑖

σ𝑗∈[𝐶] 𝑒
𝑧𝑗

⇒ ො𝑦 = 𝑓 𝑧 0, … , 𝑓 𝑧 𝐶−1 ,

𝑗∈𝐶

ො𝑦𝑗 = 1

Softmax Function - Formally
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• Generalizing Logistic Regression, binary → multi-class

• Begin with Linear Transformation (𝑧 = 𝑊𝑥 + 𝑏):

• Apply non-linearity to transform 𝑧 to ො𝑦 (probability)

• Final prediction – the event with highest probability

Sigmoid (Logistic function) Softmax

Logistic Regression Softmax classifier

𝑊 ∈ ℛ1×𝑑 , 𝑏 ∈ ℛ 𝑊 ∈ ℛ𝑪×𝑑 , 𝑏 ∈ ℛ𝑪

1 ො𝑦 > 0.5 𝑎𝑟𝑔𝑚𝑎𝑥(ො𝑦)

Similar Learning:
1. Cross-entropy loss
2. SGD

Softmax Classifier
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• Generalizing Logistic Regression, binary → multi-class

• Begin with Linear Transformation (𝑧 = 𝑊𝑥 + 𝑏):

• Apply non-linearity to transform 𝑧 to ො𝑦 (probability)

• Final prediction – the event with highest probability

Sigmoid (Logistic function) Softmax

Logistic Regression Softmax classifier

𝑊 ∈ ℛ1×𝑑 , 𝑏 ∈ ℛ 𝑊 ∈ ℛ𝑪×𝑑 , 𝑏 ∈ ℛ𝑪

1 ො𝑦 > 0.5 𝑎𝑟𝑔𝑚𝑎𝑥(ො𝑦)

Similar Learning:
1. Cross-entropy loss
2. SGD

Softmax Classifier
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𝑝 𝑦𝑖 = 𝑐|𝑥 − Ground Truth known , ෝ𝑦𝑖
𝑐 = 𝑞(𝑦𝑖 = 𝑐|𝑥) − Our Prediction

𝑝(𝑦𝑖 = 𝑐|𝑥𝑖)

0

𝟏

0

Not spam!

Spam

Maybe

ෝ𝑦𝑖
0.02

𝟎. 𝟗𝟑

0.05

𝟗𝟑% Not spam!

2% Spam

5% Maybe

Goal: Prediction should be closer to GT. 

𝐻 𝑝, 𝑞 = − 

c∈ 0,1,2

𝑝 𝑦𝑖 = 𝑐 𝑥𝑖 ⋅ log ෝ𝑦𝑖
𝑐 = − log ෝ𝑦𝑖

1

𝐻 𝑝, 𝑞 = −

𝑥∈𝑋

𝑝 𝑥 log 𝑞 𝑥

Cross-Entropy Loss – Softmax Classifier
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• Generally, with 𝐶 classes, training example {𝑥𝑖 , 𝑙}

• Wish to make the loss smaller (log argument larger):

• Increase numerator → higher confidence of class 𝑙

• Decrease denominator → higher confidence it’s not other classes!

ℒ𝑖 = 𝐻 𝑝, 𝑞 = −

c∈𝐶

𝑝 𝑦𝑖 = 𝑐 𝑥𝑖 ⋅ log ෝ𝑦𝑖
𝑐 = − log ෝ𝑦𝑖

𝑙

= −𝑙𝑜𝑔
𝑒𝑧

𝑙

σ𝑗∈[𝐶] 𝑒
𝑧[𝑗]

𝑝 𝑦𝑖 = 𝑙 𝑥𝑖 = 1

Cross-Entropy Loss – Softmax Classifier
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• Generalizing Logistic Regression, binary → multi-class

• Begin with Linear Transformation (𝑧 = 𝑊𝑥 + 𝑏):

• Apply non-linearity to transform 𝑧 to ො𝑦 (probability)

• Final prediction – the event with highest probability

Sigmoid (Logistic function) Softmax

Logistic Regression Softmax classifier

𝑊 ∈ ℛ1×𝑑 , 𝑏 ∈ ℛ 𝑊 ∈ ℛ𝑪×𝑑 , 𝑏 ∈ ℛ𝑪

1 ො𝑦 > 0.5 𝑎𝑟𝑔𝑚𝑎𝑥(ො𝑦)

Similar Learning:
1. Cross-entropy loss
2. SGD

Softmax Classifier
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𝑥𝑖 ∈ ℛ𝑑×1, 𝑦𝑖 ∈ {0,1}

ෝ𝑦𝑖 = 𝜎(𝑊𝑥𝑖 + 𝑏) (𝑊 ∈ ℛ1×𝑑 , 𝑏 ∈ ℛ ⇒ ෝ𝑦𝑖 ∈ [0,1])

ℒ𝑖 = 𝑦𝑖 ⋅ − log ෝ𝑦𝑖 + 1 − 𝑦𝑖 ⋅ − log 1 − ෝ𝑦𝑖

𝑊 ← 𝑊 − 𝛼 ⋅
𝜕ℒ𝑖

𝜕𝑊
= 𝑊 − 𝛼 ⋅ 𝑥𝑖

𝑇(ෝ𝑦𝑖 − 𝑦𝑖)

𝑏 ← 𝑏 − 𝛼 ⋅
𝜕ℒ𝑖

𝜕𝑏
= 𝑏 − 𝛼 ⋅ (ෝ𝑦𝑖 − 𝑦𝑖)

Find prediction

Calculate Loss

Update bias

Update weight

Gradient Descent – Logistic Regression
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𝑥𝑖 ∈ ℛ𝑑×1, 𝑦𝑖 ∈ {𝟎, 𝟏, … , 𝑪 − 𝟏}

ෝ𝑦𝑖 = 𝜎(𝑊𝑥𝑖 + 𝑏) (𝑊 ∈ ℛ1×𝑑 , 𝑏 ∈ ℛ ⇒ ෝ𝑦𝑖 ∈ [0,1])

ℒ𝑖 = 𝑦𝑖 ⋅ − log ෝ𝑦𝑖 + 1 − 𝑦𝑖 ⋅ − log 1 − ෝ𝑦𝑖

𝑊 ← 𝑊 − 𝛼 ⋅
𝜕ℒ𝑖

𝜕𝑊
= 𝑊 − 𝛼 ⋅ 𝑥𝑖

𝑇(ෝ𝑦𝑖 − 𝑦𝑖)

𝑏 ← 𝑏 − 𝛼 ⋅
𝜕ℒ𝑖

𝜕𝑏
= 𝑏 − 𝛼 ⋅ (ෝ𝑦𝑖 − 𝑦𝑖)

Find prediction

Calculate Loss

Update bias

Update weight

Gradient Descent – Softmax Classifier
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𝑥𝑖 ∈ ℛ𝑑×1, 𝑦𝑖 ∈ {𝟎, 𝟏, … , 𝑪 − 𝟏}

ෝ𝑦𝑖 = 𝒇(𝑊𝑥𝑖 + 𝑏) (𝑾 ∈ 𝓡𝑪×𝒅 𝒃 ∈ 𝓡𝑪, σ𝒋∈𝑪 ෝ𝒚𝒊 𝒋 = 𝟏)

ℒ𝑖 = 𝑦𝑖 ⋅ − log ෝ𝑦𝑖 + 1 − 𝑦𝑖 ⋅ − log 1 − ෝ𝑦𝑖

𝑊 ← 𝑊 − 𝛼 ⋅
𝜕ℒ𝑖

𝜕𝑊
= 𝑊 − 𝛼 ⋅ 𝑥𝑖

𝑇(ෝ𝑦𝑖 − 𝑦𝑖)

𝑏 ← 𝑏 − 𝛼 ⋅
𝜕ℒ𝑖

𝜕𝑏
= 𝑏 − 𝛼 ⋅ (ෝ𝑦𝑖 − 𝑦𝑖)

Find prediction

Calculate Loss

Update bias

Update weight

Gradient Descent – Softmax Classifier
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𝑥𝑖 ∈ ℛ𝑑×1, 𝑦𝑖 ∈ {𝟎, 𝟏, … , 𝑪 − 𝟏}

ෝ𝑦𝑖 = 𝒇(𝑊𝑥𝑖 + 𝑏) (𝑊 ∈ ℛ𝑪×𝑑 𝑏 ∈ ℛ𝑪, σ𝒋∈𝑪 ෝ𝒚𝒊 𝒋 = 𝟏)

ℒ𝑖 = −σ𝐜∈𝑪𝒑 𝒚𝒊 = 𝒄 𝒙𝒊 ⋅ 𝒍𝒐𝒈 𝒇 𝒛 𝒄

𝑊 ← 𝑊 − 𝛼 ⋅
𝜕ℒ𝑖

𝜕𝑊
= 𝑊 − 𝛼 ⋅ 𝑥𝑖

𝑇(ෝ𝑦𝑖 − 𝑦𝑖)

𝑏 ← 𝑏 − 𝛼 ⋅
𝜕ℒ𝑖

𝜕𝑏
= 𝑏 − 𝛼 ⋅ (ෝ𝑦𝑖 − 𝑦𝑖)

Find prediction

Calculate Loss

Update bias

Update weight

Gradient Descent – Softmax Classifier
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𝑥𝑖 ∈ ℛ𝑑×1, 𝑦𝑖 ∈ {𝟎, 𝟏, … , 𝑪 − 𝟏}

ෝ𝑦𝑖 = 𝒇(𝑊𝑥𝑖 + 𝑏) (𝑊 ∈ ℛ𝑪×𝑑 𝑏 ∈ ℛ𝑪, σ𝒋∈𝑪 ෝ𝒚𝒊[𝒋] = 𝟏)

𝓛𝒊 = −σ𝐜∈𝑪𝒑 𝒚𝒊 = 𝒄 𝒙𝒊 ⋅ 𝒍𝒐𝒈 𝒇 𝒛 𝒄

𝑊 ← 𝑊 − 𝛼 ⋅
𝜕ℒ𝑖

𝜕𝑊
= 𝑊 − 𝛼 ⋅ ෝ𝒚𝒊 − 𝜹𝒚𝒊 𝒙𝒊

𝑻

𝑏 ← 𝑏 − 𝛼 ⋅
𝜕ℒ𝑖

𝜕𝑏
= 𝑏 − 𝛼 ⋅ (ෝ𝑦𝑖 − 𝜹𝒚𝒊)

Find prediction

Calculate Loss

Update bias

Update weight

Gradient Descent – Softmax Classifier

𝛿𝑦𝑖 𝑐 = ቊ
1, 𝑐 = 𝑦𝑖
0, 𝑜. 𝑤.



𝐴 𝑆 = ℎ

Hypothesis 
class

ℋ = ℎ1, ℎ2…

Loss
ℒ

Optimization 
method

Training setLearning 
Algorithm

Hypothesis

ℋ =
{ℎ𝑊,𝑏 𝑥𝑖 = argmax 𝑓(𝑊𝑥𝑖 + 𝑏 )}

Cross-entropy loss SGD

Supervised Learning – Softmax Classifier
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• Begin with Linear Transformation (𝑧 = 𝑊𝑥 + 𝑏):

• Apply non-linearity to transform 𝑧 to ො𝑦 (probability)

• Final prediction – the event with highest probability

Sigmoid (Logistic function) Softmax

Logistic Regression Softmax classifier

𝑊 ∈ ℛ1×𝑑 , 𝑏 ∈ ℛ 𝑊 ∈ ℛ𝑪×𝑑 , 𝑏 ∈ ℛ𝑪

1 ො𝑦 > 0.5 𝑎𝑟𝑔𝑚𝑎𝑥(ො𝑦)

Similar Learning:
1. Cross-entropy loss
2. SGD

Conclusion
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• Mini Batches

• Numerical Stability

Pracitcal Considerations
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Repeat until convergence:

Sample a mini batch 𝑥𝑖 , 𝑦𝑖 𝑖=1
𝑚 :

Calculate ℒ𝑖 for each pair

ℒ =
1

𝑚
σ𝑖 ℒ𝑖

𝑊 ← 𝑊 − 𝛼 ⋅
𝜕ℒ

𝜕𝑊

𝑏 ← 𝑏 − 𝛼 ⋅
𝜕ℒ

𝜕𝑏

Not efficient 
sequentially

Stochastic Mini-Batch Gradient Descent
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Given a text 𝑥𝑖: Not Spam (0), Spam(1) or Maybe (2)

𝑾

1 0 1 0

0 1 0 1

0 0 1 1

𝒃

-1

2

-2

𝒙𝒊
1

4

5

3

𝑧

5

9

6

𝑒𝑧

𝑒5

𝑒9

𝑒6

𝑓 𝑧

𝑒5

𝑒9

𝑒6
⋅

1

𝑒5 + 𝑒9 + 𝑒6

ෝ𝑦𝑖
0.02

𝟎. 𝟗𝟑

0.05

𝟗𝟑% Spam!

2% Not Spam

5% Maybe

Softmax Function - Reminder



Given two pairs: 𝑥1, 0 , {𝑥2, 1}

𝑾

1 0 0

0 1 0

1 0 1

0 1 1

𝒃

-1 2 -2

/(𝑒5+𝑒9 + 𝑒6)

Not spam

spam

𝑥1 5 0 -1 0

𝑥2 1 4 5 3

𝟗𝟑% Spam!

𝟕𝟐% not Spam!

𝑍
3 2 -3

5 9 6

𝑒𝑍
𝑒3 𝑒2 𝑒−3

𝑒5 𝑒9 𝑒6

𝑓(𝑍)
𝑒3 𝑒2 𝑒−3

𝑒5 𝑒9 𝑒6
𝑌

𝟎. 𝟕𝟐 0.27 0.01

0.02 𝟎. 𝟗𝟑 0.05
𝑌

𝟏 0 0

0 𝟏 0

/(𝑒3+𝑒2 + 𝑒−3)

Normalize 
row-wise

Softmax Classifier – Batched Example

Cross-entropy 
loss
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Define 𝑋 = 𝑥1, … , 𝑥𝑚
𝑇 ∈ ℛ𝑚×𝑑 - samples matrix

𝑌 ∈ ℛ𝑚×𝐶 - GT labels matrix (Each row in 𝑌 is one-hot vector)

Reminder: 𝑊 ∈ ℛ𝐶×𝑑 , 𝑏 ∈ ℛ𝐶

𝑍 = 𝑋𝑊𝑇

∈ℛ𝑚×𝑐

+ 𝑏

(𝑏 is added to each row)

Mini Batches - Formally
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𝑍 = 𝑋𝑊𝑇

∈ℛ𝑚×𝑐

+ 𝑏 , 𝑍 ∈ ℛ𝑚×𝐶

Softmax & Cross-entropy applied row-wise
𝑌 = 𝑓 𝑍

ℒ =
1

𝑚
σ𝑖ℒ𝑖

Reminder: Weights update (single-sample):

𝑊 ← 𝑊 − 𝛼 ⋅
𝜕ℒ𝑖
𝜕𝑊

= 𝑊 − 𝛼 ⋅ ෝ𝑦𝑖 − 𝛿𝑦𝑖 𝑥𝑖
𝑇

Weights update (mini-batch):

𝑊 ← 𝑊 − 𝛼 ⋅
𝜕ℒ

𝜕𝑊
= 𝑊 −

𝛼

𝑚
⋅ 𝑌 − 𝑌

𝑇
𝑋

Mini Batches - Formally

Similarly 
derive cross-
entropy rule
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• Softmax: 𝑒𝑧 can be extremely large

• Cross-entropy: ො𝑦 possibly close to zero ⇒ log ෝ𝑦𝑖 → −∞

• Many possible solutions

Numerical Stability
𝑓 𝑧 𝑖 =

𝑒𝑧
𝑖

σ𝑗∈[𝐶] 𝑒
𝑧𝑗

𝐻 𝑝, 𝑞 = − 

c∈ 𝐶

𝑝 𝑦𝑖 = 𝑐 𝑥𝑖 ⋅ log ෝ𝑦𝑖
𝑐
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