1| Arithmetic Sequences

Figure it out

Look at these figures:

JANWAY/

How many matchsticks are used in each?

How many matchsticks do we need to make the next figure in this
pattern? (See the section Matchstick math, of the lesson Letter

Math in the Class 6 textbook)

Now look at these:

How many sticks are used in each?

How many sticks do we need to make the next figure?

A game

This is a game for two. One of the
players begins by saying aloud a
number less than or equal to ten. The
second player adds to this, a number
less than or equal to ten. Then the
first player makes it still larger by
adding a number less than or equal
to ten. The first to reach hundred
wins.

For example, if the first player says
6, the second can make it 16, at the
most. If he actually makes it 16, the
first player can take it upto 26.

There is a scheme by which the first
player can win. What are the
numbers he should say to make sure
that he wins? (Think backwards
from 100)



Can you find out the number of matchsticks in each figure of the
pattern below and also how many we need to make the next one?

Circle division

If we choose any two points on a
circle and join them with a line, it
divides the circle into two parts:

»

If we choose three points instead and
join them with lines, they divide the
circle into four parts:

What if choose four points and join
every pair?

Numbers in order

Let’s write down in order, the number of matchsticks used in each
pattern above.

In the first pattern of triangles, we have

3,5,7,9,..

In the second pattern of squares,
How many parts do you expect to

get by joining six points? Check your
guess by drawing a picture.

4,7,10,13, ...



What about the last pattern of triangles?
3,9,21,45, ...

A collection of numbers as in these examples, written in order as
the first, second, third and so on according to a definite rule, is
called a number sequence.

Let’s look at some more instances of such sequences:

¢ Suppose we deposit 1000 rupees in a bank and that we get
simple interest at 6% annually. What would be the amount at
the beginning of each year?

At the beginning of the first year, it 1s 1000 rupees. At the
beginning of the second year, it becomes 1060 rupees. At the
beginning of the third year, it becomes 1120 rupees. And this
goes on, right?

That is, we get the sequence
1000, 1060, 1120, 1180, ...
What if the interest is compounded annually?
We get the sequence
1000, 1060, 1124, 1191, ...
instead.

¢ We know that the speed of an object falling towards the earth
increases every second by 9.8m/s. In other words, for an object
dropped from a height, the speed is 9.8 m/s after the first second,
19.6 m/s after the second second, 29.4 m/s after the third second
and so on. Thus the sequence of numbers we get here is

0.8,19.6,294, ...

What about the total distance this object travels after cach
second?

It changes according to the equation, s = 4.9, So, the total
distance in metres that this object travels in one second, two
seconds, three seconds and so on gives the sequence

4.9,19.6,44.1, ...

Different kinds of sequences

The word sequence in ordinary
language means things occurring one
after another, in a definite order. In
mathematics, we use this word to
denote mathematical objects placed
as the first, second, third and so on.
The objects thus ordered need not
always be numbers.

For example, we can have a
sequence of polygons as given below:

Or a sequence of polynomials as

T4x, 14X 1+, ...

The arrangements of words of a
language in alphabetical order is also
a sequence.
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Number sequences arise in any
number of ways. For example, the
digits in the decimal representation of

7 in order, gives the sequence

S iy K Ll

There is no simple way to find the
number occuring at a specific position
in this sequence.

In some sequences, the numbers
repeat. For example, the digits in the

5 o 10 :
decimal representation of 17 Written
in order are

0.9,0,9, ...

If we write out in order the last digits
of the powers 2, 2%, 2°, ...we get the
sequence

2,4,8,6,2,4,8,6, ...

o A tank contains 1000 litres of water and it flows out at the rate
of 5 litres per minute. So after one minute, the tank would contain
995 litres, after two minutes, 990 litres and so on. Here, we get
the sequence

1000, 995, 990, 985, ...

Now write down the number sequences got in the instances
described below:

o The perimeters of squares with each side of length 1 centimetre,
2 centimetres, 3 centimetres and so on. Also, the areas of these
squares.

o The sum ofthe interior angles of polygons of sides 3, 4, 5 and so
on. And the sum of their exterior angles.

e Multiples of 3
Numbers which leave a remainder | on dividing by 3
Numbers which leave a remainder 2 on dividing by 3

¢ Natural numbers which end in 1 or 6, written in order. Can you

describe this sequence in any other way?
Add and go forth
We have seen so many sequences now. Let’s have a look at them
all together:
e 3,57.9,..

4,7,10,13, ..

3,9,21,45, .

1000, 1060, 1120, 1180, ...

1000, 1060,1124, 1191, ...

0.8,19.6,29.4,39.2, ...

e 49,19.6,44.1,78.4, ...

1000, 995,990, 985, ...

e 4,8,12,16, ..

e 1,4,9 16, ...



= 180,360, 540,720, ...
s 360,360,360, 360, ...
3,69 12,..
o 1,4,7,10,..
e 2,58 11,..

e« 1,6,11,16,..

The sequence 3, 5,7, 9, . .. is got from the first matchstick problem.
Here we need 3 sticks to make the first triangle and to make each
new triangle, we need 2 more sticks. Thus we add 2 to 3, again add
2 to this sum and so on, to get the numbers in the sequence 3, 5,7,
9,...

What about the second sequence? When we make squares with
matchsticks, we need 4 sticks for the first square and for each new
square, we need 3 more sticks. Thus we start with 4 and add 3
repeatedly to get the sequence 4,7, 10, 13, .. .

Now look at the next sequence in our list. We need 3 sticks for the
first triangle. To make a triangle on each of its sides, we need 3 x 2
=6 more sticks; 3 + 6 =9 sticks inall. Next to make a triangle on
each side of this bigger triangle, we need 3 x 4 = 12 more sticks;
which means a total of 9+ 12=21. Thus in this sequence, we start
with 3 and continue by first adding 6, then 12, then 24 and so on.

A sequence which starts with any number and
proceeds by the addition of one number again and
again, is called an arithmetic sequence or an

arithmetic progression.

So, the first two sequences in our list are arithmetic sequences; the
third is not.

Now look at the sequence 1000, 995,990, . .. Here, the numbers
progressively decrease by 5.

Subtracting 5 can also be described as adding -5, right? So, we
can say that the numbers in this sequence are got by adding -5
again and again. Thus it is also an arithmetic sequence.

What about the sequence 360, 360, 360, . ..
exterior angles of polygons of increasing number of sides? Here we
can say that each number is got by adding 0 repeatedly to 360. So,
itis also an arithmetic sequence.

, got as the sum of the

N:lttl ral num I.'l CI 5C qu ICnCces

Some mathematicians have got
together to collect sequences of
natural numbers arising in various
contexts and put them in the Net. The
result is The Online Encyclopedia of
Integer Sequences available at
http://oeisf.org. It contains about
175,000 sequences.

At the web-page www.research,
att.com/~njas/sequences/index.html,
we can enter a few natural numbers
and get several sequences containing
these numbers in the same order, and
short descriptions of how these
sequences arise.

Forexample, entering 1,2,3,4, 5,7,
we get 455 different sequences
containing these numbers in this
order. Some of them are:

w B 3 U o A S O SR T AR
Powers of primes in ascending
order

o 1230405 T80 d0.12,14,.. . .
Natural numbers which give a
prime on multiplying by 6 and
subtracting |

e 1,2,3,4,57,8.9,10,11, 13, ...
Numbers which do not have two

consecutive natural numbers
(other than 1) as factors

11
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Parallel progression

The vertical lines in the picture are
equaily spaced. Can you prove that
their heights are in arithmetic
sequence?

Draw perpendiculars as in the picture
below:

The small right angled triangles got
thus are all congruent. (Why?) So,
their vertical sides are equal. That is,
in the first picture, the heights of
adjacent vertical lines increase by the
same amount. This means the heights
of these lines are in arithmetic
sequence.

Suppose instead of vertical lines, we
draw slanted lines making the same
angle: e

Are their lengths also in arithmetic
sequence?

Now check which of the sequences in our list above are arithmetic
sequences. Then have a ook at these problems:

o The multiples of 2, written inorder give 2,4, 6,8, ... Is this an
arithmetic sequence? What about the powers 2,4, 8, 16, ... of
27

L3

¢ Dividing the natural numbers by 2, we get , |

501 2,2,... Is thus

an arithmetic sequence?

o In the anthmetic sequence got by adding % to itself repeatedly,

does the number 10 occur anywhere? What about 117

o Thereciprocals of the natural numbers in order give 1, % g
[s it an arithmetic sequence?

« Write down the sequence of differences (subtracting the larger
from the smaller) of consecutive perfect squares. Is it an arithmetic
sequence?

Addition and subtraction

Look at the two sequences got from the problems on interest. In
both sequences, the increase in numbers is due to the interest added.
In the case of simple interest, the increase every year is the interest
for 1000 rupees (that is, 60 rupees). So, even without any

computation, we can see that the total amounts form an anthmetic
sequence.

What about compound interest? The interest added changes every
year; so the total amounts are not in arithmetic progression.

What about the speed problem? What number should we add to
9.8 to get 19.67

196 -98=98
And what number do we need to add to 19.6 to make it 29.47

204-196=9.8

‘That 1s, the sequence progresses by the addition of 9.8 itself at

every stage. So speeds are in arithmetic sequence.



What about distances?

What number added to 4.9 gives 19.67
19.6-49=14.7

And what number added to 19.6 gives 44,17
441 -196=245

So, the sequence of distances is got by starting with 4.9, adding
14.7 first, then adding 24.5, ...

So, it is not an arithmetic sequence. (Why?)
Do you notice something else in these examples?

In an arithmetic sequence, if we subtract any number

from the number just after it, we get the same number

This number is called the common difference of the arithmetic
sequence. In other words, common difference is the number
repeatedly added to get the numbers in an arithmetic sequence.

As an example, look at the three sequences we got, based on
division by 3:

3,6,9,12, ...
1,4,7,10, ..
2,5,8,11, ...
What is the common difference of each sequence?
Let’s look at some problems:

o The first number of an arithmetic sequence 1s 10 and the third
number is 24. What is the second number?

According to the facts given, by adding a numberto 10 and then
adding the same number again, we get 24 (How is that?)

So, double this number is 24 — 10 =14 . This means the number
added is 7.

This gives the second number as 10+7 =17

There’s is another way to do this. We get the same number if we
subtract the first number from the second, or if we subtract the
second number from the third. (Look up the meaning of common
difference.)

Geometry of arithmetic
sequence

Take an arithmetic sequence of
positive numbers. Draw a line and
draw equally spaced perpendiculars
to it, with heights equal to the numbers
in this arithmetic sequence.

Join the tops of these perpendicuiars.
Aren’t they all on the same line? Why
is this so?

Take any three adjacent vertical lines
and join their tops. Also draw
perpendiculars as below:

The triangles 48P and BCQ are
congruent. (Why?) And this means
their angles are equal.

So, if we take ZABP =x°, then
ZABC=x+90+(90 —x)= 180°

This means 4, B, C are all on the
same straight line.

13
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We have seen that the sum of three
consecutive natural numbers is thrice
the middle number. (The section,
Clarity in expression of the lesson,
Polynomials in the Class 9 textbook.)

This can be seen in another manner.
The first number is 1 less than the
middle number; and the third number
is 1 more. So, when we add all three,
the added 1 and the subtracted 1
cancel out, leaving only the middle
number repeated thrice.

Translating this into algebra, if we
take the middle number as x, then the
left number is x — 1 and the right
number is x + 1. And the sum is

(x—D+x+(x+1)=3x

Instead of consecutive natural
numbers, suppose we take any three
consecutive numbers from an
arithmetic sequence. The decrease
and increase from the middle number
would be the common difference,
instead of 1. And we get the same
result.

How about translating this reasoning
into algebra? Let’s take the common
difference as d. If we take the middle
number as x, then the numbers are
x—d, x,x+d and so the sum is

(x—d)+x+(x+d)=3x

Suppose instead of three, we take five
numbers? Seven?

So, if we take the second number as x, then we get
x—10=24-x
From this, we get
2x=24+10=134
and this gives
x=17

Prove that in any arithmetic sequence, if we take three consecutive
numbers, then the middle number is half the sum of the first and
the last.

Let’stake g, b, ¢ as three consecutive numbers in an arithmetic
sequence.

Then, as in the second method of the previous problem, we get

b—a=c-bh
From this, we get
2b=a+c¢
and then
b= L (a+c)
2

Now try the problems below on your own:

o Ineach of the arithmetic sequences below, some numbers are

missing. Their positions are marked with a (7). Find these
numbers.

24,42, (), ...
o« (024,42,
e O0.24,42, ..
e 24,042,
e 024,042,
o 24,0042,

s The second and fourth numbers in an arithmetic sequence are 8

and 2. Find the first and the third numbers.



¢ The second number of an arithmetic sequence is S. Find the sum
ofts first and third numbers.

o Find an algebraic expression to compute the third number ofan
arithmetic sequence, using the first and the second numbers.

Position and term
In every sequence, the numbers are ordered as the first, second
and so on. They are generally called ferms of the sequence.

For example, in our first sequence got from triangles, the first term
is 3, the second term is 5, the third term is 7 and so on.

What is its tenth term?

In other words, how many matchsticks do we need to make 10
triangles in this pattemn? For this, we will have to join 9 more triangles
with the first. For the first triangle we need 3 matchsticks and for
every new triangle thereafter, we need 2 matchsticks. So,

number of matchsticks for 10 triangles=3 + (9 x 2)=21

In other words, the 10" term of the arithmetic sequence 3, 5, 7,
... 1821,

Like this, can you compute the 15" term of our second sequence
4,7,10, ... got from squares?

Let’s look at a few more problems:

e The first term of an arithmetic sequence is 2 and the common
difference is 5. What is its 1 3% term?

Common difference is the number we add to ecach term of a
sequence to go to the next term. Here itis 5; and the first term is
2. So, the terms of the sequence proceed as 2,7, 12, .. ..

How many steps are needed to go from the 1 term to the 13
term?

That is, how many times do we need to add 5 to 27
So,
[3%term =2 + (12 x 5) =62

Suma l'ld mean

We saw that in an arithmetic
sequence, the sum of three
consecutive numbers is three times
the middle number, the sum of five
consecutive terms is five times the
middle number and so on.

What it we take an even number of
terms? From one viewpoint, there is
no middle term; from another
viewpoint, there is a pair of middle
terms. (In 1,2, 3,4, 5, 6 can’t we say
that the pair 3, 4 is right in the middle?)

So, in an arithmetic sequence of
common dfference 4, if we take four
consecutive terms and name
the middle pair x, y, then these four
terms are x - d, x, y, ¥ +d . And their
sum 1s 2(x + y) , which we can write

4 x %(x + y). This we can say in

ordinary language as four times the
mean of the middle pair. (Don’t you
remember the lesson Statistics, in
the Class 9 textbook?)

Is this true for six consecutive terms?
What about eight?

A Arthimere Sequences. e
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in an arithmetic sequence, the
difference of two consecutive terms
is the common difference. What if
we skip a term? The difference is
twice the common difference,
right?What if we skip two terms?

In an arithmetic sequence, the
difference between any two terms is
got by multiplying the difference of
their positions by the common
difference.

This can be stated in another manner:
in any arithmetic sequence, the term
difference is proportional to the
position difference; and the constant
of proportionality is the common
difference.

o The 12"term of an arithmetic sequence is 25 and the common

difference is 3. What is the 17" term?

To get the 17" term from the 12" term, how many times should
we add the common difference?

17" term = 25 + (5 x 3) = 40

In an arithmetic sequence, the 5" term is 32 and the 11" term is
74. What are the numbers in this sequence?

To get the 11" term from the 5" term, we must add the common
difference 6 times.

From the given facts, the number added 1s 74 —32 =42
So, common difference is 42+ 6=7

We get the 5 term by adding the common difference 4 times to
the 1 term. So, in this sequence, the 5" term 32 is got by adding
4 x 7=28 to the 1% term. So,

first term=32-28=4

Since the first term is 4 and the common difference is 7, the
terms are

411,18, ...

We can do this problem using algebra also. Taking the first term
as x and the common difference as y, the given facts translate to
the two equations

x+4y=32
x+10p="74

(How?) Solving them, we get x =4, y="7. (Recall the lesson
Pairs of Equations, in the Class 9 textbook.)

In the arithmetic sequence 3,7, 11, ... ,1s 101 a term? What
about 1037

The terms start with 3 and proceed by repeatedly adding 4; that
is, by adding to 3, the multiples 4, 8, 12, ... of 4.



In other words, from any term of this sequence if we subtract 3,
then we get a multiple of 4. And all such numbers are in this
sequernce.

Now let’s look at 101 and 103
101 —3 =98

since 98 1s not a multiple of 4, the number 101 is not a term of
this sequence.

103 -3 =100

Since 100 is a multiple of 4, the number 103 is a term of this
sequence.

Now do the problems given below on your own:

¢ The first term of an arithmetic sequence is 7 and the common
difference is —2. What is its 12%term?

e The 39term of an arithmetic sequence is 10 and its 8" term is
25, What is its 4® term? And the 13" term?

¢ The 5" term of an arithmetic sequence is 11 and its 12 term is
32. What are its first three terms?

e The 5" term of an arithmetic sequence is 9 and its 9% term is 5.
What is its common difference? What is the 14% term?

¢ The common difference of an arithmetic sequence 1s —1 and its
4t term is 7. What is its 7% term? And the 11®term?

» How many three digit numbers leave a remainder 3 on division
by 47

e Write down the sequence of natural numbers which leave a
remainder 3 on division by 6. What is the 10* term of this
sequence? How many terms of this sequence are between 100
and 4007

Sequences in Algebra
The terms of a sequence are formed by some rule. For example, in

our first triangle problem, we start with 3 and repeatedly add 2 to
get the sequence

3,5,7, ...

Sequence and remainders

The even numbers 2, 4, 6, . . . form
an arithmetic sequence. So do the odd
numbers 1, 3, 5, . . . . Both these have
common difference 2.

Even numbers mean numbers
divisible by 2; that is, numbers which
leave a remainder 0 on division by 2.
And odd numbers are those which
leave a remainder | on division by 2.

Similarly, we have seen that there are
three arithmetic sequences based on
division by 3; those which leave a
remainder 0, 1 or 2. What is the
common difference of all these?

Based on the remainders got on
division by 4, how many arithmetic
sequences of natural numbers do we
get? What are they? What is the
common difference of all these?

Now let’s think in reverse. In any
arithmetic sequence of natural
numbers, the difference of any two
terms is a multiple of the common
difference. This means they leave the
same remainder on division by the
commeon differnece. (Why?)

Thus, any arithmetic sequence of
natural numbers is of the form
described first; it consists of numbers
leaving the same remainder on
division by a specific number. And this
divisor is the common difference.
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Rules for sequences

What is the next term of the sequence
B a7t

We haven’t said that it should be an
arithmetic sequence. So, the next
number need not be 9. For example,
if we had meant this to be the
sequence of odd primes, then the next
number would be 11.

What is the moral? From a few
numbers written in order, we cannot
predict the numbers to follow in the
sequence. For this, the rule of forming
the sequence or the context in which
it arises should be specified.

Indeed, we have seen how the
sequence 1, 2, 3, 4, 5, 7 can be
continued in various ways, according
to different rules, in the section
Natural number sequences.

In general, to get the term at any specified position of this sequence,
we subtract | from the position number, multiply this by 2 and add
to 3. For example,

15" term = ((15 - 1) x 2) +3 =31
How about writing the general rule in algebra?
For every natural number »,
Atterm = ((n— 1) x2) +3=2n+1

So, in the algebraic expression 2n+ 1, ifwe taken=1,2,3,. ..,
we gettheterms 3, 5,7, ... of this sequence in the correct order.
(See the section, Algebraic expressions of the lesson,
Polynomials in the Class 9 textbook.)

In algebraic discussions, we denote the terms of a sequence by
symbols suchas x,x,,x,, ... ory,,,y,,... Thus we can write the
sequence in the example above as

x =3
X, =3
x. =7

We can shorten this further by writing
x,=2n+ 1, for every natural number n
(Note that this contains all the information about this sequence.)

Let’s write the sequence of the square problem in this shortened
form. Inthis, the first number is 4 and the number repeatedly added
18 3. So, for evey natural number #,

tterm = (= 1)x 3) + 4 =3n+ 1

Again, we can shorten this and compress the sequence into the
algebraic expression

x”:3n+ |

What about the sequence in the second triangle problem?



We can write the terms of this sequence as

x, =3
x,=9=3x(2*-1)
x,=21=3x (2~ 1)
x,=45=3x (2= 1)

and so on. In general, we can write the terms as

x =3(2— 1)
(see the section Growing triangle.)

In the simple-interest problem, we got the arithmetic sequence 1000,
1060, 1120, .. .. The n" term is

1000 + 60 (z — 1) = 60n + 940

To get the sequence 1000, 1060, 1124, 1191, . . . of the compound
interest problem, we have to first find the terms of the sequence

given by
1000 (1.06)" -

X =
n

and then round each number to the nearest natural number. (See
the section A computational trick, of the lesson Financial Math
in the Class 8 textbook.)

Now find the algebraic expression for all the sequences given at the
beginning of the section, Add and go forth.

Algebra of arithmetic sequences

Look at the algebraic form of some of the arithmetic sequences we
have seen:

3,5,7,9, ... x, = 2n+1
9.8,19.6,29.4,39.2, ... x = 9.8n

1000, 995, 990, 985, ... x, =—5n+ 1005
4,8,12,16, ... x, = 4n
360,360, 360, 360, ... x, = 360
1,4,7,10, ... x =3n-2

In all these, the n" term x_is got by multiplying # by a specific
number and then adding a specific number.

(;rnu-'ing 1.ri:1ng|u

We got the sequence 3, 9,21,45, ...
in our problem of making larger and
larger triangles with matchsticks,
How do we compute its terms?

In the original problem, we start with
a triangle formed with one
matchstick on each side; the
construction progresses by
constructing a larger triangle with
two sticks on each side, then a still
larger one with four sticks on each
side and so on.

So, the total number of matchsticks
needed at each stage is given by

3,3+ (3x2), 3+(3x2)+(3x2%,..

That is,

FS3L H2); L2,
In this we can write

[SERERS
= 22=1

1+2+422= (22~ 1)+22
(2x2H-1
—ao =l

14+2+22+28 = (2%~ 1)+2?
(2x23)-1
=242 ]

and so on. From this, we can compute
the »™ term of our sequence as

3142+ 22+, +2"DN=3(2"-1)

So, to make 25 triangles in this
manner, we need 3(2% — 1) =
100663293 matchsticks—more than
ten crore!

[19]
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Hasty conclusions

We discussed a problem on the
number of parts of a circle got by
Jjoining points on it, in the section
Cirele division. For the number of
points equal to 2, 3, 4, 5 we get the
number of parts as 2, 4, 8, 16.

What about 6 points? We tend to
guess the number of parts as 32. Do
we get this many parts if we actually
draw such a picture?

[f the points are equally spaced, we

get 30 parts:

Otherwise, 31 parts

Either way, the maximum number of
partsis 31.

It can be proved that in general, if
we take n points on the circle and
Jjoin all pairs, the maximum number
of parts got is

L un-1(=-2)(n=3) +-n(n—1)+1
24 2

The interesting point is that in this
expresston and in 27!, if we take n=
1,2, 3, 4, 5 we get the same numbers
1,2.4,8,16. From n = 6 onwards, the
numbers differ.

In other words, all these have the general algebraic form
x = an+b
where g and b are specified numbers.

Are all arithmetic sequences of this form? [f we take the first term
of an arithmetic sequence as fand the common difference as d,
then its terms are

I f+d f+24, ..
In general, its n" term would be
f+ n=1)d= dn+(f—d)
This means multiplying each » by the number ¢ and adding the
number /- d.

For example, in the arithmetic sequence with first term 2 and
common difference 7, the n” term is

2+ Tn—1)=Tn->5

Thatis,x = 7n -5, On the other hand, it is not difficult to see that
any sequence x = an+ b 1s an arithmetic sequence. Taking n=1,
2,3, ... inthis, we get the terms of the sequence as

a+ b,2a+b,3a+b, ..

and we can easily see that it is indeed an arithmetic sequence with
first term & + b and common difference a.

Every arithmetic sequence fs of the form
x = an+ b ; conversely, every sequence of this

form is an arithmetic sequence.
Now some problems based on these ideas:

e The first term and common difference of some arithmetic
sequences are given below. Write each of them in the form
x = an+ b; also write down the first three terms of each:

+  firstterm -2, comumon difference 5
+ firstterm 2, common difference -5

. 1
+  firstterm 1, common difference 5



o The algebraic form of some sequences are given below. Check
whether each of them is an arithmetic sequence or not; also find
out the first term and the common difference of the arithmetic
sequences.

. n+l
xn_ 2

n+2

* x = —
a R

+

(n+ 1) = (n— 1y

I

o Multiply each odd number by 2 and add 1. If these numbers
are written in order, does it form an arithmetic sequence? Write
the algebraic form of this sequence. Now consider the odd
numbers not in this sequence. Do they form an arthimetic
sequence? What is its algebraic form?

: : : . 1
o Consider the arithmetic sequence with first term 3 and common

i 1 .
difference 1 Is 1 aterm of this sequence? What about 27

Write the algebraic form of this sequence. Prove that all natural
numbers occur in this sequence.

. : : : 1
+ Consider the arithmetic sequence with first term 5 and common

difference % .Is 1 aterm of this sequence? What about 27

Write the algebraic form of this sequence. Prove that no natural
number occurs in this sequence.

« [nanarithmetic sequence, the ratio of the first term to the second
is 2 : 3. What is the ratio of the third term to the fifth term?

AUImMs

We have seen a trick to compute the sum of consecutive natural
numbers in the section Triangular numbers, of the lesson
Polynomials in the Class 9 textbook. Let’s take a closer look at it.
For example, suppose we want to find the sum of the natural numbers
from 1 to 10. (We can actually add the numbers to get the sum. But
what about the sum from 1 to 1007 The trick we are about to give
can be used to fmd this also.)

We have noted that to find the terms
of a sequence, the law of formation

Language of laws

should be specified. And we have
seen some examples of how such

rules can be written in algebra.

But not all sequences can be

algebraically described. For example,

no algebraic formula to find the A"

prime number has been discovered;

that is, no formula to directly compute
the number at a specified position in
of

the sequence 2, 3,5, 7, L1, 13, . ..

primes is known.

Again, there is no algebraic formula
to compute the digit at a specified
location in the sequence 3, 1, 4, 1, 5,

gkl s

representation of .

got from the decimal

In such cases, we can only specify
the rule of forming the terms in
ordinary language.

'ff'ygu_ coﬂ_l;lnuﬂ llfﬂ
|£:EL5' what would
be your marks
i"{ ﬁ]c;. next
exam? "'ﬁcﬁlnﬁ: no one has ™

.,

iscovred an
algebraic formula\.

{ :
1 Jﬁa com j{g i}

Arithmeric Sequence
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This sum can be visualized as the number of dots in the picture

below:

&

@9

290

L N N N

090 @

L N N N N N

L N N N N B N

290092009

[ N N N N R N N N

Metamorphosis 0000606006

We saw that the algebraic form of

AR A Let’s make another copy of this triangle:

x,=an+b i

What does this mean? »e
L

If we multiply all natural numbers by 200 @

a specific number and then add a 'Y IR

specific number, we get an arithmetic 9000 OS®

sequence. For example, multiplying '*EEXEXXER

by % and adding -1 gives the eocess000

i 2900000009

arithmetic sequence, 75,0, % e N N N N N N NN N

(Its algebraic form isx = %n -1.) and join it upside down with the first

Also, every arithmetic sequence

arises this way. For example, the : : : : : : : : : : :

arithmetic sequence 7, 16, 25, . . . SO0 OBEEBEGS

has the algebraic formx =9n-2 and

this means multiplying all natural LTS eR 9990

numbers by 9 and adding -2. passeReseR
o000 O0OOOOOS
90000 O0ODODBOS
20090000 0ODPODPOOO
LN NN N N NN N N N
0000 O0ODODODOGSS

How many dots are there in all, red and green, in this rectangle?
There are 10 rows and each row has 11 dots; so 10x 11 =110.

This is twice the sum we want. So,

1+2+3+4+5+6+7+8+9+10=% <10 % 11 =55



This process can be done using numbers instead of pictures: if we
wilte

s=1+2+3+4+5+6+7+8+9+10

then
25 = (I+2+3+4+5+6+7+8+9+10)+
(10+9+8+7+6+5+4+3+2+1)
= 11+11+11+11+11+11+11+11 +11 +11
= 10x11
= 110
and so
_1
s_2><110=55

We can use the same argument, whether we add up to 10 or 100.
In general

The sum of all natural numbers from one to a specific
natural number is half the product of the number

itseff with the next natural number.

In algebraic language,
1+24+3+..+n= %H(H‘F 1

Using this, we can find the sum of other arithmetic sequences also.
See these examples:

o How do we find the sum ofthe even numbers 2,4, 6, ..., 1007
Even numbers are got by multiplying natural numbers by 2. So,
2+4+6+ . +100=2(1+2+3 +..+50)

As we saw just now,

1+2+3+...+50:% x50 % 51

So, we have

24446+ .. +100=2 x % X 50 x 51 =2550

A math tale

We have mentioned the
mathematician Gauss in the Class 9
textbook. It is said that he showed
extraordinary mathematical ability
right from an early age.

This happened when Gauss was just
ten and in school. His teacher asked
the children to add all numbers from
1 to 100, just to keep them quiet.
Young Gauss did it in a flash,
explaining his anwer thus: “1 and 100
make 101, so do 2 and 99; there are
50 such pairs and so the answer is
50 % 101 =5050.7

The answer

Hey! What is EEL:?) to the probiem

You will give us
tomorrow!

F o o

a< Anthmetic Spquences
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A sequence from the past

We have mentioned the ancient
mathematical manuseript called the
Ahmose Papyrus in the section
Ancient math, of the lesson Equations
in the Class 8 textbook. Problem 64
in it goes something like this:

10 hekats of barley is to be disiributed
among 10 people in a definite order.
Each should get % hekat more than

the previous one. How much should be
given lo each?

Here hekat is a measure used in
those days. The answer to this is
given in the papyrus as follows:

1. Divide 10 by 10. We get 1
2. Subtract | from 10 and multiply it
by half of é We get %

3. Add this to the 1 got in the first
step. The number 1 % gotnow is

the largest share.

4. Subtract % from this repeatedly

to get the other shares.

What is the logic behind this
computation?

How do we do it using current
techniques?

o We want to find the sum of a specified number of odd numbers

1,3,5,

How do we write this sequence of odd numbers in algebra?

The #" term of this sequence is

l+(rn-1)x2=2n-1

and we can write it as
x, = 2n -1
So, the sum of the first # odd numbers

=xl+x2+x3+.,.+x

=Q2x1-D+@2x2-D+@x3-1 .. +(2n-1)
hiimes

—_——
=21 +2+3 4. +m)= (I+1+1+.+1)

=(2><%n(n+l))—n

=nn+)-n

=n?

Thus the sum of a specified number of consecutive odd numbers
starting from 1 is equal to the square of the number of odd
numbers added. (This was noted in the lesson Square Numbers
in the Class 7 textbook. )

We can find the sum of a specified number of consecutive terms
of any arithmetic sequence in the same way as we found the sum

of odd numbers.

We can write the general term of any arithmetic sequence as

So,

x=an+ b

n

xl+x2+x3+...+xn

{ax1+0)+(@x2+b)+{ax3+M+ ...+{an+b)

1 limes

a(l+2+3+ .. +m+ (b+b+b+..+b)

(ax %n(n+1))+(nxb)

L
Ean(n + 1)+ bn



For convenience, we rewrite this in a slightly different way:

San(n+ 1)+ bn = 5 nla(n + 1) +25)
= %n((an + ) + (a + b))

1
=3 n(x, +x)

What is the meaning of this?

The sum of a specified number of consecutive ferms
of an arithmetic sequence is half the product of the
number of terms with the sum of the first and the last

ferms.

For example, suppose we want to find the sum of the first 50 terms
ofthe sequence 3,5, 7, . ... We first find the 50" term as

3+ (49 x 2) = 101

By what we have seen above, we can compute the sum as

250 x (3 + 101) = 2600

Now try these problems on your own:

» The first term of an arithmetic sequence is 5 and the common
difference is 2. Find the sum of its first 25 terms.

o Find an algebraic expression to compute the sum of the first n
terms of the arithmetic sequence with first term fand common
difference d.

o If52x 5% 5% x ... x 5% = (0.04y% what is n?
« Find the sum of all three digit numbers which are multiples of 9.

¢ Prove that the sum of the first five terms of any arithmetic
sequence is five times the middle number. What about the sum
of the first seven terms? Can you formulate a general principle
from these examples?

Another way

There is another technique for finding
the sum of consecutive natural
numbers.

We know that for any number x,
c+1P-x"=2x+1

Takingx=1,2, 3, ..., nin this, we
get

22 12=2x ) +1
32-22=(2x2)+
42-37=(2%3)+1

(r+1P-—rt=0Cxn)+1

What if we add all these equations?
We get

(R+1—1=2(1+2+3+...+n)+n
From this, we find

1+2+3+...+n

= S+ 1= 1-7)
R
= 2(n + 1)

= %H(H‘F 1}
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Sum of squares
We can use an algebraic identity to
compute the sum of the squares of
natural numbers, just as we found the
sum of natural numbers. We have
seen the identitiy

(x+1Y=+3x*+3x+1

(See the section Patterns of power, of
the lesson Polynomials in the Class 9
textbook.)

From this we can see that for any
number x,

(x+ 1P —x?=3x"+3x+1

As before, ifwetakex=1,2,3,....,n in
this and add, we get

(r+1P—1=3(1*+2*+3*+ ... + 1%
+ 31+2+3+..+n)+n

That is,
W 4+3nt 4+ 3n
=3(12+ 22432+ .+ )+ %ﬂ(ﬁJr 1+n
So, we get
2224320 4 nt
= % (n’+ 3n2+3n—% n(n+ l)—n)

Simplifying the right side of this
equation, we get

1
14224324+ .+ =2 n(n+ 1) (2n+1)

o The sum of the first » terms of an arithmetic sequence is

2n® + 3n. Find the algebraic form of this sequence.

Do the problems below in your head:

o Consider the arithmetic sequences 3,5,7,...and 4,6, 8, . ..

How much more is the sum of the {irst 25 terms of the second
than the sum of the first 25 terms of the first?

How much more is the sum of the natural numbers from 21 to
40 than the sum of'the natural numbers from 1 to 207

51+52+53+...+70

1 1 1 1
7 FI+1g +2+2- + ..+ 127

¥ roject

Prove that if in an arithmetic sequence of natural numbers, one
of the terms is a perfect square, then there are many terms which
are perfect squares. Is there an arithmetic sequence of natural
numbers in which no term is a perfect square?



2 Circles

Angle drawings
=] o

We want to draw a right angled triangle of hypotenuse
5 centimetres; the other two sides of any length as we please. In
what all ways can we do this?

‘We can start with a line 5 centimetres long. Draw any angle we
please at one end. Subtract this angle from 90 and draw the angle
thus got at the other end, to make a triangle. For example:

Another way is to use a set square from the geometry box. Place it
with its right angle above (or below) the line and the perpendicular
edges through the end-points of the line. Try! '

Draw many such triangles and look at their third vertices:

Right an glus from circles

There is yet another way to draw a
right-angled triangle with a specified
hypotenuse AB. Mark the mid-point
C of AB and mark a point P at a
distance equal to half the distance

between A and B. 5

.-'-IIII

.-lr..

A C B

We can show that APB is a right
angle.

Since C4 = CB = CP the circle of
radius this length, centred at C, passes
through 4, B and P

So, £4PB must be equal to 90°.

(Recall the section Angle in a
semicircle, of the lesson Congruent
Triangles in the Class 8 textbook.)
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We saw that if we draw a circle with
AB as diameter, then taking any point
P on this circle, we could draw aright
angled triangle APB.

On the other hand, if we draw a right
angled triangle with AB as
hypotenuse, then the diameter of the
circumcircle of AAPB would be 48.
(There is such a problem in the
section Another division, of the lesson
Geometric Proportions in the Class 9
textbook)

So, if we draw all right angled
triangles with A28 as hypotenuse and
take only their third vertices, we get
all points on the circle with A8 as
diameter, except 4 and B.

Now instead of a right angle, let’s draw triangles with one angle
60° (We can use a corner of a set square.)

How about a 45° angle ora 30° angle? These can also be done with
set squares.

Now cut out a triangle with a {20° angle from thick paper. Use it to
draw pictures like the above with the top angles 120°:

Why do we get pictures like these? Let’s investigate.



Righr aneles and circles
o]

o o

In the picture drawn with a right angle, we gota single circle and the
line we started with turned out to be its diameter; that is, semicircles

above and below this line.

Haven’t we seen a picture like this before?

(Recall the section Angle in a semicircle, of the lesson Congruent

Triangles in the Class 9 textbook.)

AB is adiameter of the circle. How did we prove that £ P isaright

angle?

Here O is the centre of the circle. So, Q4P and OBP are isosceles
triangles. (Reason?) [f we take £4PO =x°and #BPO =y°, then
we get £4=x°and /B =y°. (How is that?)

A

B

Locus

Locii of points can often be described
in terms of lengths or angles. For
example, we can think of the
perpendicular bisector of the line
joining two points as the locus of a
point which moves, keeping the same
distance from these points. We can
also think of it as the locus of a point
which moves such that the lines joining
it with the end points make equal
angles with the line.

What is the locus of the third vertex
of a right angled triangle with a
specified line as the hypotenuse? We
saw that it is not the full circle with
this line as diameter—the endpoints
of the line are not on this locus.

Instead, if we say the locus of the point
of intersection of perpendicular lines
through the end points of this line, then
we get the entire circle.

< Cirches =
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Rightangle and diameter

We saw that when two ends of a
diameter of a circle are joined to
another point on the circle, the angle
formed at this point is a right angle.

On the other hand, suppose we draw
a pair of perpendicular lines from a
point on a circle and join the points of
intersection of these lines with the
circle. Is this line a diameter of the
circle?

=~ A

Here, the circle is the circumcircle
of the right angled triangle APB. And
we know that the hypotenuse of a
right angled triangle is a diameter of
its circumcircle. So, AB is indeed a
diameter of the circle.

The section Circle and square, of
the lesson Between the lines in the
Class 7 textbook gives a trick to find
the centre of a circle. Now do you
see why this trick works?

Since the sum of the angles of AABP is 180°, we have
x+y+(x+y)=180°
From this we get 2x + 2y = 180° and then
x+y =90°
What do we see from this?

If the ends of a diameter of a circle are joined to any other point on
the circle, then what we getisaright angle.

This leads to another thought. We geta right angle, when the ends
of a diameter are joined to a point ox the circle; what if we join
them to a point inside the circle?

Do we get an angle larger than aright angle at every point within the
circle?

[n this picture, extend one line to meet the circle; join this point to
the other end of the diameter.



Now.ZA4PB is the exterior angle at the vertex P of APOB. So, it 13
the sum of the (interior) angles of the triangle at O and B. (This
problem is in the section Unchanging sums, of the lesson Polygons
in the Class 9 textbook.) Of these, the angle at O is a right angle.
This means £A4PB islarger than aright angle, right?

Next, what about a point outside the circle?

In this set up, £4PB is an internal angle of APOB and £AQB 1s an
exterior angle. So, £4PBissmallerthan aright angle.

Now suppose that the ends of a diameter of a circle are joined to
some point and we get a right angle at that point. This point cannot
be inside the circle. (At points within the circle we get an angle
Jarger than a right angle.) And it cannot be outside the circle. (For
points outside the circle, we get an angle smaller than a right angle.}

So, the point must be or the circle. Don’t you see now why we got
acircle in our first picture drawn with a right angle? You can try
some problems based on these ideas.

Square speciality

We can make a right angled triangle
in a circle by joining various points
of a circle to the ends of a diameter.

T

To get the maximum area, where
should we choose the point?

This leads to another question. We
can draw any number of rectangles
with all four vertices on a circle:

What is the speciality of the
rectangle of maximum area?
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Doubling an angle

We know how we can halve an angle
by drawing the bisector. How do we
double an angle?

Mark a point P on AB and draw a
circle with 42 as diameter.

Join the point ¢ where this circle

meets AC, and the centre O of the
circle. c

a0

Since AOPQ is isosceles, £ 004 =
a° and so the exterior angle POQ is

equal to 2a°.

o In AABC, we have <4 =60°%nd £B="70°. s the vertex C'inside
or oufside the circle with diameter 487

« Prove that if'a pair of opposite angles of a quadrilateral are right,
then a circle can be drawn through all four of its vertices.

« In the quadrilateral 4BCD, we have 4B = 3cm, BC =4 cm,
AC=5cm, £4=120°, £C =70° If we draw the circle with AC
as diameter, which ofthe four vertices of ABCD would be inside
the circle? Which of them would be outside this circle? Is any
vertex on the circle? What about the circle with BD as diameter?

Angles, arcs and chords
We now know why we got a circle in the picture drawn with a right
angle. What about the other pictures?

Again let’s start with a circle. Any diameter of the circle divides it
into two equal arcs; and we get a pair of right angles by joining
points on each to the ends of the diameter.

What about a chord which is not a diameter?

P

The arcs are not equal; and the angles are not right.



Let’s inspect the arc and angle at the top and bottom separately.
First the upper ones. As we did in the case of a diameter, we join P
to the centre O of the circle. Since the centre is not on the chord
here, we also join 04 and OB.

ﬁnglc of rotation

In the figure below, 4B is a diameter
of the circle and O is the centre. A
point P on the circle is marked and a
point Qon AP.

As in the case of diameter, here also, OAP and OBP are isosceles

triangles.

Let ~ BAP=a® sothat £ BOP =2a°.

Now suppose that 7 moves along the
circle and reaches B.

The line OF has rotated through 2a°.
But here these two triangles do not form a single large triangle, as ~ And the line 4P through 4°. What
seen earlier. So, the old trick of summing up the anglesof atriangle ~ happens as P moves again and
reaches the point directly below the
first position?

won’t work.

Instead, let’s write down all angles around O.
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Thus we get
(180 — 2x) + (180 — 2)) + ¢ = 360

(Recall the section Around a point, of the lesson Polygons in the
Class 9 textbook.) That is,

360 — 2(x +) + ¢ = 360
This gives
l
xX+y= EC
Thatis,
ZAPB = %c°

Would this be true, for any position of P on the upper arc?
Whatifit is like this?

Let’s try writing £OP4 =x° and ZOPB =y° as before.
To see things clearly, let’s enlarge the triangles in the picture:

Now as before, we can find other angles, using the fact that ACAP
and AOBP are isosceles.
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From the figure we see that
LAPB = (y - x)°
and that
ZAOB = (180 — 2x) — (180 — 2) = 2(y — x)°
So, again we get

ZAPB = %c"

What about angles below 4 B?

In this case also, by joining OQ, we get two isosceles triangles; and

we can compute angles as we did earlier.

P

Arc pair

Two points on a circle actually divide
it into two arcs:

B

In this picture, a small arc is got by
travelling right from A to B along the
circle and a large arc, by travelling
left from A to B along the circle.

Choosing a point each on these arcs,

- we can name the arcs using the

names of these points with the end
points.

A

B

In this picture, the smaller arc is AXB
and the larger arc is AYB.

So, for any arc of a circle, there is a
matching arc which completes it as
a circle; and only one such arc. In
other words, any arc can be
completed as a circle in only one way.

35
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So, if we take the central angle of ZAPB as d, then we can see that
(180 — 2x) + (180 — 2p) + d = 360

from the picture below:

Central angle
Y

¥ =

X B

In the picture above, the central angle
of the arc AXB is 100° .

What about the central angle of the
arc AYB?

That1s,
1
LAQB = 5d°

Let’s sum up all we have seen so far. Look at this picture:

By definition of the degree measure
of an angle, the part OAXB of the
circle is made up of 100 out of 360
equal parts into which the circle is
divided. So, how many parts make
up the remaining part OAYB?

So, the central angle of the arc AYR

15 260°.
Y
Wherever we take the point P, on the circle above
260° [ =
‘ﬂ AB, we gel ZAPB = 56"
4 J,'000
Wherever we take the point Q, on the circle and
; I
X B below AB, we get ZAQB = —d"“.

We can state this without referring to the chord AB.

Any two points on a circle divide it into a pair of arcs, right?



In this picture, the points 4 and B divide the circle into a pair of arcs
AXB and AYB. The arc AYB is called the alternate arc (or the
complementary arc) of AXB (and vice versa.)

Let’s join A and B to the centre O of'the circle.

In this figure, c° is the central angle of the arc AXB and d°
isthe central angle of the arc AYB. Now let’s take some point P on
the arc AYB and some point Q on the arc AXB.

Then we can combine the two statements made earlier into one:

Chan ging :mglc

In the figure, ©APB =50°. Also, this
angle would be the same 50°,
wherever we take P on the larger of
the two arcs made by 4 and B.

Now suppose this point travels left
along the circle. The angle doesn’t
change till it reaches 4. At 4, there
is no angle to speak of. As it moves
further left and moves into the
smaller arc, the angle changes. What
does it become?

And it remains 130° till it reaches B.
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Two points on a circle divide it into a pair of arcs.
The angle got by joining these two points to a point
on one of these arcs is equal to half the central angle

of the alternate arc.

Here, instead of “central angle of an arc”, we can say “angle made
by an arc at the centre”; and instead of “angle got by joining ends of
Circle erick an arcto a point”, we can say, “angle made by an arc ata point™.
We started by drawing some pictures  Then the statementabove can be rephrased like this:

with the same angles above and

. The angle made by an arc at any point on the alternate
below a line. 8 Y : yp =

arc is equal to half the angle made at the centre.
This was the picture got by taking .
68° ABGve iidbeTon: For example, look at this picture:

And taking 120° instead, we got this
picture: The central angle of the arc AQB is 80°. So, £4PB made at the point

P on the alternate arc is half of this, which 1s 40°,

Now draw a picture with 60° above
and 120° below. Don’t you get a
single, full circle? Why is this?

Suppose we take 30° above. What
angle should we take below to get a
fiell circle?

From the first picture, we can also see that the central angle of the
arc APB 1s 360° — 80° =280°,



So, ZAQB made at the point Q on its alternate arc is

1 o o
5% 280° =140

Let’s ook at a few more examples:

o Inthe figure below, all four vertices of the rectangle are on the
circle. Prove that the diagonal of the rectangle is a diameter of
the circle.

Inside the circle

What can we say about the angle got
by joining the ends of an arc to a
point inside the circle?

Look at this figure:

X B

To find £4PB, extend the lines AP
and BP to meet the circle; join one
of'these points to one end of the arc:

AP

1‘.’ B
If we take the central angles of the
arcs AXB and MYN as x° and »°,

then we get ZANB =— x° and

i
2
LMAN =% »°. These are angles of

the triangle PAN; and £4PB is the
exterior angle at the third vertex P.
So,

ZAPB=3 (x+ y)°

Thus £A4PB is the mean ofthe central
angles of the arcs 4XB and MY¥N.

= Circdes S5

39




10

40

Outside a circle

What if we join the ends of an arc to
a point outside the circle?

P

Join one end of the arc to the point
where one of these lines cuts the
circle.

P

As before, let’s take the central
angles of the arcs AXB and MYN as

x®and y°. Again, we get ZANB =% 7t

and ZMAN =% 3°. Here an external
angle of APAN is ZANB.
So,

1 i
E,‘C = ZAPN+5 ¥
from which we get

am:% (x— p)°

Since ABCD is arectangle, £ADC=90°. So, the central angle
of the alternate arc ABC of the arc ADC is 2 x 90° = 180°. That
is, Z40C = 180°. This means that the points 4, O, C lieona
straight line. In other words, AC is a diameter of the circle.

e How do we draw a triangle with angles 40°, 60°, 80°
within a circle of radius 2.5 centimetres?

Let’s first draw some triangle within a circle.

\

B\_//C

Join B and C to the centre O of the circle.
4




If #BAC (sto be 40°, how much should be ~BOC?

Similarly, can’t we find the angles got by joining other pairs of
vertices to the centre of the circle?

So, for actually drawing the triangle we want, we draw a circle
ofradius 2.5 centimetres and mark 4, B, C as shown below:

Sliding setsquare
Draw a pair of perpendicular lines
on paper and place a set-square as
shown below:

Mark the position of the top corner.
Keeping the other two vertices on
the lines, slide the set squre, and mark
the various positions of the top vertex.

The problems below are for you:

o In this figure, what fraction of the circumference of the circle is
the length of the arc ADB?

Note anything special about the
points marked?

.\-\ (.E'.'l'l._x e




s What is the radius of the circle shown below?

Circle, rightangle and line

In our experiment with a sliding set
square, all points marked are on a
straight line, aren’t they? Why does
this happen?

=-~R& e What is the area of the circle shown below?
B

o

4 cm

In the picture above, the set square
is shown as A4ABC. Since both ACB
and AOB are right angles, the circle
on AB as diameter passes through
both O and C.

¢ How do we draw a triangle with two of the angles 40°
and 120°, and circumradius 3 centimetres?

<]

1
¢ Howdowedrawa 225 angle?

<]

= 2 P _ ] .
S0, ZBAC = ZBOC. In this, since | each of the pictures below, drawa 22~ angle, according to
ZBAC is an angle of the set square 2

we are using, it doesn’t change. (In the specifications:

fact in the picture above, it is 60°.) At the point 4
. A

So, in sliding the set square, though
the position of C changes, the line
joining C and O keeps the same slant
with OB. In other words, C can only
move along the line making this angle
: 0
with OB. .



At the point A with one side along O4

At the point 4, one side along 4B

o Inthe picture below, O is the centre of the circle and the line OD
is parallel to the line C4.

Prove that OD bisects Z4AOB .

Can we use this to draw the bisector of a given angle? How?
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o Inthe figure below, O is the centre of the circle.

Size of a segment

As the length of an arc increases, so
does the size of the sector or segment
made by it. And the length of anarc = Seoments of a ci rcle

is measured using its central angle )

(Isn’t it easier to measure the central  Every chord of a circle divides it into two parts:

angle than the length of the arc?) T
The central angle of a sector is /

readily seen. What about the central \\

angle of a segment? |ll N\

Prove that x + y =90°

.
- AR

Such a part is called a segment of a circle.

First we have to defermine the centre.  See this picture:
And that we have already seen. (The

section Another view, of the lesson

Circles in the Class 9 textbook.)

Each of ZAPB, ZAQB, ZARB is equal to half'the central angle of
the arc AXB and so they are all equal.



What about this picture?

In this, each of L4KB, LALB, ZAMB is equal to half the central
angle of the arc 4YB and so are all equal.

We can state this as follows:
Angles in the same segment of a circle are equal

We can note another fact also. Every segment has an alternate
segment ; that is, a chord divides a circle into a pair of segments. Of
these, angles in the same segment are equal. What about an angle in
one segment and an angle in the alternate segment?

Angles in one segment are equal to half the central angle of an arc
and the angles in the alternate segment are equal to half the central
angle of the alternate arc, right? And what is the sum of the central
angles of an arc and its alternate arc?

In the picture above, ¢ + d =360° and so %c + %dz 180°.

That is,
ZAPB + ZAQB = 180°

Angleinasegment

Is there a direct method to compute
the central angle of the arc of a
segment, without finding the centre
of the circle first? We know that
angles in the same segment are
equal.Using this angle, we can
compute the central angle of the arc.

—

[fthe angle in a segment is x°, what

is the central angle of its arc?

[, Circles =
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Circumcircle

We have seen that a circle can be
drawn through any three points not
on a line. (The section Three points,
of the lesson Circles in the Class 9
textbook.) [n other words, for any
triangle, a circumcircle can be drawn.

What about quadrilaterals?
Rectangles and certain types of
trapeziums have circumeircles; but
parallelograms which are not
rectangles do not have circumcircles.
Thus among quadrilaterals, there are
two classes: those with circumcircles
and those without.

This can be stated as follows:
Angles in alternate segments are supplementary.
Now try your hand at these problems:
o Inthe figure below, 4, B, C, D are points on the circle.

Compute the angles of the quadrilateral ABCD and the angles
between its diagonals.

o Inthe figure below, A4 BC'is equilateral and (s its circumeentre.

Prove that the length of AD is equal to the radius of the circle.

o In the picture below, APQR isrightangled. Also, £Z4= /P and
BC = OR.

c R

Prove that the diameter of the circumcircle of A4 BC'is equal to
the length of PQO.



Circles and quadrilaterals

Look at this picture:

Is there any relation between the anglesat 4, B, C, D?

If you can’t tell at once, try joining AC

Now the angles at B and D are the angles in the alternate segments
which the chord AC cuts from the circle. And so they are

supplementary.
Similarly, by drawing BD, we can see that the angles at 4 and C are
also supplementary.
So, what can we say in general?
If all vertices of a quadrilateral are on a circle, then
its opposite angles are supplementary.

Is the reverse true? That is, if the opposite angles of a quadrilateral
are supplementary, can we draw a circle through all four of its
vertices?

To answer this, let’s first see how we would practically decide
whether all four vertices of a quadrilateral can be put on a circle.

Making quu:lri]atcmls

It is easy to construct special
quadrilaterals  which  have
circumcircles. One way is to join two
right - angled triangles with equal
hypotenuse:

What sort of a quadrilateral do we
get if such triangles are actually
congruent?

iR
4 \
T TR 7
. x /
~

A

A\ e
T

Can we make such quadrilaterals
with circumcircles, using triangles
other than right angled ones?

What should be the relation between
the upper and lower triangles?

47
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Circles and lines

We can check whether a specified
point is on the circumecircle of a
specified triangle, by measuring
angles. There’s another way. Draw
perpendiculars from the point to the
sides of the triangle:

0.3

e ==

B L o

If the feet of these perpendiculars
lie on the same line, then the points
are on the circumecircle; otherwise
not.

This is known as Sunpsen’s Theorem

We can anyway draw a circle through three of the vertices of a
quadrilateral. (Recall how we drew circles through three points not
ona line, in Class 9.) Now the fourth vertex. If it is on this circle,
then we are done. But this vertex may be outside the circle:

Or, inside the circle:

Let’s have a closer look at the first figure. Joining 4 with the point
where the circle cuts CD, we have another quadrilateral ABCE.

D

Since 4, B, C, E are on the circle,



(1) ZB+ LAEC = 180°

Now as in the discussion about points inside and outside the circle
in the section Right angles and cireles, we can see that

LAEC = FEAD + 2D
and so
2) ZD < ZAEC

Thinking about the meanings of the algebraic statements marked
(1) and (2) for a moment, we can casily see that

LB+ 2D < 180°

Next, in the second picture, we extend CD to meet the circle and
join this point to 4.

In this figure, we see that
(3) LB+ ZE=180°
Also, from AED , we find
ZADC = LE+ LEAD
which gives
)] ZADC > LE
From the statements marked (3) and (4), we get
LB+ £4DC > 180°
So, what have we seen?
Suppose a circle is drawn through three vertices of a
quadrilateral. If the fourth vertex is outside this circle,
then the sum of the angles at this vertex and the
apposite vertex is less than 180°; if the fourth vertex

is inside the circle, then this sum is greater than 180°,

Another theorem

Simpson’s Theorem can also be seen
as a theorem about quadrilaterals
which have circumcircles, (How?)
Another property of such
quadrilaterals is that the sum of the
products of opposite sides is equal to
the product of the diagonals. That is,
if the quadrilateral AZCD has
circumcircle, then

(AB x CD)+ (4D x BC)= AC x BD

On the other hand, if any
quadrilateral satisfies this property,
then it has a circumcircle. This is
known as Ptolemy's Theorem.

A rectangle has a circumcirele. Also,
its opposite sides are equal and so
are the diagonals. So according to this
theorem, in a rectangle AB8CD

ABt+ BCt= AC?

But this is Pythagoras Theorem!

= Clircles P
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Area

The Indian mathematician
Brahmagupta has given a method to
compute the area of a cyclic
quadrilateral. If we take the lengths
of the sides of a cyclic quadrilateral

1
asa, b, c,dands=5(a+ b+c+ d),

then its area is equal to

Js—a)s—b)s—c)(s—d)

Haven’t we seen a similar formula?
if we take 4= 0 in this, it becomes

Je—a)s—b)(s —c)s

Isn’t this Heron’s formula for the
area of a triangle?

Brahmagupta has also given methods
to compute the areas of non - cyclic
quadrilaterals, in terms of their sides
and angles. Using these, we get
another interesting property of cyclic
quadrilaterals:

Among the various quadrilaterals
with the same lengths for sides, the
cyclic gquadrilateral has the

maximum area.

(We have already seen that if the fourth vertex is within this circle,
then this sum isactually equal to 180° )

Now suppose that in a quadrilateral 4BCD, we have
ZB+ £D=180°. Draw the circle through 4, B, C.

Can D be outside the circle? If so, we must have ZB+ £D < 180°.
So, D is not outside the circle.

Can it be inside the circle? If so, we must haveZB + £D > 180°,
So, itis not inside the circle either.

Since D is neither inside the circle nor outside, it must be on the
circle,

That s,

If the opposite angles of a quadrilateral are
supplementary, then we can draw a circle through

all tour of its vertices.

A quadrilateral for which a circle can be drawn through all the four
vertices is called a cyclic quadrilateral. From our discussion above,
a cyclic quadrilateral can also be described as a quadrilateral in
which the opposite angles are supplementary.

All rectangles are cyclic quadrilaterals. Isosceles trapeziums are
also cyclic quadrilaterals. ook at this picture:

D c

)

ABCD is an isosceles trapezium. So,
LA=218B

(Recall the section Isosceles trapeziums, of the lesson
Construction of Quadrilaterals in the Class 9 textbook.)

Also, since 4B and CD are parallel,
LA+ £D=180°



From these two equations, we get
ZB+ £ZD=180°
This means ABCD is a cyclic quadrilateral.
Now try these problems:
e Prove thatina cyclic quadrilateral, the exterior angle at any vertex Similar triangles

is equal to the interior angle at the opposite vertex. et L A PR

¢ Prove that a non-rectangular parallelogram is not a cyclic = drawing triangles similar to a given
quadrilateral. one. One of the methods is this:

+ Prove that non-isosceles trapeziums are not cyclic.

o In the figure below, ABCD is a square. : i

Tt

After extending the sides upwards,
instead of drawing a line parallel to
the bottom side, draw a circle through
the ends of the lines.

How much is £Z4PB?
s Prove that in a cyclic hexagon ABCDEF as shown below, >
LA+ LC+ LE= LB+ D+ F. i
c i
B \
: X
\\.\..
D A [s the upper triangle similar to the
lower one?
P
E
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Cutting chords

Draw two non-paralle] chords in a cirele. They must intersect each
other.

The intersection may be within the circle:

A

C B

Or, outside the circle:
c

Either way, the triangles got by joining 4D and BC can be shown to
be similar.




In both figures, look at the angles at 4 and C of AdPD and ABPC.
They are the angles in the same segment cut off by the chord BD of
the circle and so are equal.

Inthe first figure, the angles £A4PD and ZBPC at P are the opposite
angles formed by the intersection of the lines 4B and CD and so
are equal; in the second figure, they are just different names for the
same angle.

Thus in either figure, two pairs of angles of AAPD and ABPC are
equal and so the third pair is also equal. That is, the triangles are
similar. Since in similar triangles, pairs of sides opposite equal angles
have the same ratio, we have in the first figure

AP_PD
CP PB

The second figure also gives the same. (Did you check?)
From this equation, we get
AP x PB=CPx PD

Let’s look at a special case of this: 4B isa diameterand CD isa
chord perpendicular to it:

Since the perpendicular from the centre bisects a chord, we have
CP = PD here. So, the equation seen earlier becomes

AP x PB = CP?

One application of this is to draw squares of any area. (One method
of doing this is already seen in the section Algebra and Pythagoras,

of the lesson Irrational Numbers in the Class 9 textbook.)

Marth tool

Some lenses are made from spheres.
And often we need to compute the
radius of the sphere from which the
lens was cut out. An instrument for
this is the spherometer.

BB

By placing its three legs on top of
the piece of sphere, we can find the
width of an arc. Using the screw in
the middle, the maximum height can
also be found.

With these, the radius can be
computed as in our bangle problem.

d Cirdes 3
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Geometry, algebra, numbers

Look at this picture:

What is the height of the vertical line?
If we take it as x, we get ab=x*and

SOx= fgp

What is the radius of the semicircle?
Since the diameter is a + b, the radius

=l
18 2(a+b).

From the figure, we can see that the
radius is larger than the
perpendicular. Is there any instance
in which they are equal? So, what
do we see here?

For any two distinct numbers a and
b, we have

1
5 (a+b)> Jab

For example, let’s see how we draw a square of area 12 square
centimetres. What we need is a line with the square of its length 12
centimetres. In the equation above, the square of a length is
expressed as the product of two other lengths. So, let’s first write
the square of the length we want, 12, as the product of two numbers.
Since 12 =6 x 2, if we draw AP =6 and PB =2 in the figure above,
then by our equation, we will get CP*=12.

So, we first draw 4B of length 8 centimetres and mark P onit, 6
centimetres from 4. Then we draw a semicircle with diameter AB.
If we draw the perpendicular to A8 through P and intersect the
semicircle at C, we are almost done.

A 6 cm P

Allitremains is to draw a square with CP as a side. (Remember the
section Square root of the lesson Real Numbers in the Class 9
textbook?)

In how many different ways can we draw such square?
The problems below are for you:

¢ Draw a rectangle of sides 5 centimetres and 4 centimetres and
draw a square of the same area.

e Draw atriangle of sides 4, 5, 6 centimetres and draw a square
of the same area.

o Draw a quadrilateral with sides 2, 3, 4, 6 centimetres and one
diagonal 5 centimetres. Draw a square of the same area.

e (Given a quadrilateral, how do we draw a square of the same
area, without making any measurements?



Second Degree Equations

New Equations

Let’s start with a problem:

= When the [ength of each side of a square was increased by 5
centimetres, its perimeter became 36 centimetres. What was
the length of a side of the original square?

We have seen very many problems like this. How do we solve it?

We can think like this: the length of a side of the new square is
36 + 4 =9, and so the length of a side of the original square is
9-5=4.

Or, we can forget about squares and perimeters and reformulate
the problem solely in terms of numbers tike this.

o The sum of a number and 5, multiplied by 4 gives 36. What is
the number?

Thinking in reverse and inverting the operations, we can find the
sum of the number and 5 as 36 + 4 =9 and the number itself as
9-5=4

Or again, we may go all the way and formulate the problem in
algebra, as:

o Find x such that 4(x + 5) =36
And we can solve it by first writing

x+5=%=9

and then
x=9-5 =4,

Quantities and equations

We use numbers to denote various
quantities and use algebra for
expressing unchanging relations
between varying quantities. For
example, the relation between the
length of a side and perimeter of a
square can be written as

p=4s
Here the unchanging relation is that,

whatever be the length of a side, the
perimeter is four times this length.

If an object is thrown upwards from
the earth with a speed of # metres
per second, then its speed after ¢
seconds is given by
v=u—938¢

We can use such equations to find
some quantities when other quantities
are known. For example, if an object
is thrown upwards at the speed of
20m/s, then to find when its speed
would be 10m/s, we need only find the
number ¢ for which

20-9.8t=10
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Equations an d L‘quarinns

We have seen problems involving just
one unknown quantity and the resulting
equations in Class 8. All of them, after
simplifications, were reduced to

: : 1
equations like 2x =3 or ot 7.

In general, these equations were all
of the form ax = b.

But in many instances, we get
equations involving the squares of
quantities. For example, consider the
problem of finding the lengths of the
sides of a rectangle of area 323, with
one side 2 centimetres longer than the
other. To find the answer to this
problem, we have to find x satistying
the equation

x(x +2) =323
which in turn becomes

Shsa i =a04

Let’s slightly change our original problem:

¢ When the length of each side of a square was increased by 5
centimetres, its area became 36 square centimetres. What was
the length of a side of the original square?

What is the length of a side of the new square?

How did you get it as 6 centimetres?

So, the length of a side of the original square 1s 6 — 5 =1 centimetre.
How about changing this to a problem involving numnbers alone?

¢ The square of the sum of a number and 5 is 36. What is the
number?

To get back the number from its square, we need only take the
square root. (In other words, the inverse operation of squaring is
extracting the square root.)

Thus the sum of the numberand 5 is /36 =6

And the number itselfis6— 5=1

Now how about writing the problem in algebra?
» Find x such that (x + 5)*=136

And the answer?

x+5= 3 =6
x=6-5=1
Let’s look at another problem:

e The common difference of an arithmetic sequence is 5 and the
square of the second term is 36. What is the first term?

Reasoning as in the last problem, we get the second term of the
sequence as 6. So, the {irst term is 1.

In other words, the arithmetic sequence is 1, 6, 11, . . ..

Is there any other arithmetic sequence with the same property as
given in this problem? How about the arithmetic sequence —11,-6,
1.2

PAETTR

Why did we miss this? When we reasoned the square of the second
term is 36 and so the second term 1s 6, we forgot the fact that the
square of -6 is also 36, right?



So, what is the correct reasoning?

The second term is etther 6 or —6. [f the second term is 6, then the
first termis 6 — 5 = |, and if the second term is —6, then the first
termis—6—-5=-11.

‘What about algebra?
(x+5)*=36
x+5=60rx+5=-6
x=0-5=lorx=-6-5=-1|

To shorten this a little, we use a symbol. Instead of saying 6 or -6,
we write + 6 (to be read, "plus of minus 6"). Using this, we can
write the steps above like this:

(x+5)=36
xX+5=1%6
x=-5%*6
x=-5+6=lorx=-5-6=-11

But, shouldn’t we have thought along these lines in the rectangle
problem also?

Do we have to? The length of a side of a rectangle cannot be negative,
right?
In general, in doing such problems using algebra, itisa good practice

to find both answers and then think back to the context of the original
problem, to decide whether to take both solutions or only one.

One more problem:

» Ofthree consecutive integers, 1 added to the product of the first
and the third gives 169. What are the numbers?

Canwe do this using inverse operations? So, let’s try algebra. Taking
the numbers as x, x + 1 and x + 2, the given information translates

to the equation

x(x+ 2)+1=169
This we can write as

x*+ 2x+1=169
What next?

Solutions—math and re ality

We want to make a rectangle of
perimeter 20 centimetres and height
11 centimetres less than the width.

Taking the width as x, the algebraic
form of this problem is

X+ (x=11)=10
which gives
x=10.5

That is, the width should be 10.5
centimetres. What about the height
then?

| K =
which is impossible.
Now look at this problem:

The distance between two numbers
marked on the number lineis L1; and
their sum is 10. What are the
numbers?

Taking the larger number as x, we get
the same equation as in the first
problem. The numbers turn out to be

10% and A%. And this is indeed a
solution to this problem.

In general, the equations arising from
different contexts may be the same;
but the solutions may not suit all the
contexts.

5]



On squares

We have seen an algebraic identity
about the square of a sum of two
numbers, in Class 8.

For any two numbers x and y
{x+yYP=2x+2xp+)?

[f we choose various numbers in the
place of y in this, we get various
identities, for all numbers x, such as

x+1P=x*+2x+1

(x+3P=x+6x+9
(2P =rx 4t 4

(x—ay =x>—Bx+16

Look again at the expressions on the
right side of these equations. All are
second degree polynomials. Notice
any relation between the coefficient
of x and the last number?

Can you write x* + 8x + 64 as the
square of a first degree polynomial?
What about x* + 8x + 16 ?

As in the previous problems, can we write the left hand side
expression as a square?

Recall that

(x+1)Y=x"+2x+ 1
S0, what can we do with our equation? We can write it as

(x+ 1)t=169

From this we can find

x+1=4 Jig9 = + 13
and so

x=-1+13
x=12 orx=-14

Thus the numbersare 12,13, 14 or-14, -13,-12.
Now try these problems on your own:

+ 2000 rupees is invested in a scheme giving interest compounded
annually, After two years the amount became 2205 rupees. What
is the rate of interest?

+ A pavement 2 metres wide runs around a square ground. The
total area of the ground and the pavement is 1225 square metres.
What is the area of the ground?

* Abox is to be made by cutting off small squares from the corners
of a square of thick paper and turning up the tabs.

The height of the box should be 5 centimetres and it should have

a capacity of % litre. What should be the length of a side ofthe
square cut off? And the length of a side of the original square?



» The common difference of an arithmetic sequenceis 1 and the
product of the first and the third terms is 143. Whatare the first
three terms?

Completing the square
How did you do the last problem above?

If we take the second term of the sequence as x, then the first and
the third terms would be x — 1 and x + 1; and from the given facts,
we get

(x= D (x+1)=143 Geometry and algebra
[nthis, For any two numbers x and a, we

x-Dkx+1)=x~-1 have

: ¥+ 2ax + & = (x + a)
So, the equation becomes ( )

For positive numbers x and g, this can

2 —
x*—1=143 be geometrically represented as
From this we get below:
x? =144 =y ‘ |
X = =t 12 ax ax .
at | a
and the first three terms of the sequence as 11, 12, 13 or -13, | . o d
-12,-11.
Instead of this method, how about taking the first term of the
sequence as x? Then we get the equation ax at
x(x +2)= 143 5 . I
and we can write this as
x4+ 2x =143 x+a

What do we do next?

Can we write the polynomial on the left side of this equation as a
square? Take a look at the earlier problems again. We know that

X+2x + 1=(x+ 1)
So, what if we add 1 to both sides of our equation? We get
X+ 2x+1 =144
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Geometric squate completion

The algebraic fact that we can make
x* + 2x the square of an expression
by adding 1 can be visualized
geometrically also.

For this, we must first see x* + 2x as
a square of side x and a rectangle of
side x and 2, joined together.

2
Now suppose we cut the rectangle
into two equal pieces and shift one
piece upwards as below:

5
L

To make this figure a square of side
x+ 1, all we need is a square of side 1
at the top right corner, right?

Thatis,
(x+ 1) = 144
The restis easy, isn’tit?
x+1 =2 fl1g4 =212
x=-1 %12
x=1lorx=-13

And we get the terms ol the sequenceas 11,12, 13 or—13,-12,
—11.

Let’s slightly modify this problem:

« The common difference of an arithmetic sequence is 6 and the
product of the first and the second terms is 280. What are the
first three terms of this sequence?

Taking the first term as x, we get the equation
x* + 6x =280

In this, to write the left hand side of the equation in the form of a
square, what number should we add? (Recall that for any two
numbers x and a, we have (x + a)* = x* + 2ax + a?).

We can write x? + 6x as x2 + (2 x 3)x. So, to change x* + 6x into
(x+3)*, we need only add 3*=9. Thus we change our equation as

X+6x+9 =289

which means
(x + 3)*=289
Now we can find
x+3=217
x =140r =20

So, the first three terms of the sequence are 14, 20, 26 or —20,
~14, -8
Let’s look at another problem:
o A mathematician travelled 300 kilometres to attend a conference.
During his talk he said, “Had the average speed of my trip been

increased by ten kilometres per hour, I would have reached here
one hour earlier”. What was the average speed of his trip?



Taking the average speed as x kilometres per hour, what is the time

. 00
taken for the trip? BT )

Ifthe speed is increased by 10 kilometres per hour, what would be

300
the time taken for the trip?

x+10°
So, what the mathematician said can be written as the equation.

@_ 00
x  x+I[0

We can change this as below:

300(x+10)-300x

1
x(x-+10)

300(x +10-x)
x(x+10)

From this, we get

*(x + 10) = 3000
Thatis,

x*+ 10x = 3000

Now to change the polynomial on the [eft to a square, what must
we add?

So, we write this equation as
x2+ 10x +25 =3025
That s,
(x+5) =3025

From this, can’t we calculate the average speed as 50 kilometres
per hour?

Different way

There is another method to solve the
equation, x(x + 6) = 280. We
write x + 6as (x+3)+ 3 and x as
(x +3) - 3. Using these, we find

w6y = ((x+3)-3) ((x+3)+3)
= (x+372-32

So, the original equation ¢can be written
(x+3)-9=280

From this we can find x as we did
earlier,

See if you can solve x* + 10x = 3000
this way.

yecnindd Lrepree Fauaris
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See the geometric explanation of the
solution to the problem on a right

angled triangle:
P
% 12 e
x+5
x T4
el
x x? R 2x
x P
3%
x? =X
x 5
H
: 2y
it @
1 ]
x| m ZT

X+3

Geometry of solution

w i

24

5
X+3

Now another problem:

o Inaright angled triangle, one of the perpendicular sides is 5
centimetres longer than the other and its area is 12 square
centimetres. What are the lengths ofits sides?

If'we take the shorter of the perpendicular sides to be x centimetres
long, then the otheris x + § centimetres long, What about the area?

Thus the given facts, translated to algebra becomes
l
5 x(x+5)=12

and this we can rewrite as
x2+5x =24

What number can we add to x* + 5x to get an expression of the
form x*+2ax + a*?

Let’s first write
5
x4+ 5x=x+ (2 x E)x

And note that

se2n (@) or 3

So, let’s add [%J to either side of our equation of the problem.

This gives
5 5Y 25
2 — = — =
X2+ 2% (2} x+[2] =24+ 2
That s,
5% 121
x+=| = —
3]
From this we find
5, u
T
and this gives
_ 3 H _ >
X = 9 + 2 orx = 2 — 2



50 1. : .
Here, -3 — 5 I1sanegative number. Since a length cannot be

negative, this doesn’t work for our problem. So, we need to take

only x = 4% +1—2I =3
Thus the lengths of the perpendicular sides of our triangle are 3 and

& centimetres. From these, can’t you find the hypotenuse? Do 1t.
Just one more problem:

o Arectangle 1s to be made with perimeter 100 centimetres and
area, 525 square centimetres. What should be the lengths of its
sides?

The sum ofthe lengths of any two adjacent sides of this rectangle is
50 centimetres, isn’t it? (How?) So, if we take the length of one
side as x, then the length of the other is 50 —x. The area is to be
525 square centimetres. So,

x(50 — x) =525
and this can be written as
50x — x? =525

It's more convenient to change this slightly and write
x2—50x =-525
(Why?) Now what? [f we recall
x*=2ax +a*={x - a)
Things become easy. What number do we add to x* — 50x?
Thus we can change our equation to
x2— 50x +25% =525 + 252
That s,
(x-25y =100
From this, we get

x=25%10

Increase and decrease

There’s another way to find a
rectangle with perimeter 100
centimetres and area 525 square
centimetres.

A square of perimeter 100 centimetres
has sides 25 centimetres long and thus
area 625 square centimetres. The area
of the rectangle we seek is (naturally)
less than this. To get this rectangle,
we shorten one side of this square; to
keep the perimeter the same, we have
to lengthen the other side by the same
amount.

Ifthe decrease (and increase) is taken
as x centimetres, then the lengths
of the sides of our rectangle are
25—xand 25 + x. So, the equation of
our problem is

(25 —x) (25 +x) = 525
That is
625 -x*= 525
From this we get
x =%£10

So, the lengths of the sides of the
rectangle are 25-10 = 15 and
25+ 10 =35 centimetres.

YOOOI0 L Ep e ..l.il:.!i.'.'!r.
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Past and present

The method of completing squares to
solve second degree equations is
pretty old. We see the Babylonians
using this technique to solve problems
related to areas, as early as 1500 BC.

But the current practice of converting
problems to algebraic equations was
not used then. (This is at most five
hundred years old.) Problems were
formulated, and solutions described in
ordinary language. In geometric
problems, the methods used were also
geometrical.

Thus from the historical point of view,
what we now describe as geometric
interpretations of algebraic methods
were actually the motivation for the
algebraic techniques developed later.

Since we

3?

Yhave started

Thatis,
x=350rx=15

If we take x =35, then 50 —x =15and ifx =15, then 50 —x =
35. Either way, the lengths of the sides of the rectangle are 35 and
15 centimetres.

Take a look at the algebraic forms of all these problems:
+  x*+2x =143
¢« x*+10x =3000
o x*+5x =24
«  x*—50x =-525
The general form of all these 1s
X rax =bh
Next see how we changed these equations:
o x*+2x+1*°=143 + 13 thatis, (x + 1) = 144
+ x?+ 10x + 52=3000 + 5%, that 1s, {x + 5)* =3025

5y sy : 5Y 121
* x2+5x +(5J =24 + [Ej , that is, [HEJ =

» x*—50x+25% =-525 +25% that s, (x — 25)*= 100

The general method is to make x* + ax a square, by adding the
square of half'the coefficient of x:

- +[£2 ()
X ax 2 = 2

This method is called completing the square.
Look at this problem:

* How many terms of the arithmetic sequence 3,7, 11, ... mustbe

added to get 3007
Denoting the terms of the sequence as x , x,, x,, ... , we have
x =3 +4(n-1) =4dn-1

S0,

1
X Fx, X+ +x = En(xl +x )



S0+ (4n— 1))

= 2n'+n
What if we want this sum to be 3007 We must have
2n* + n =300
Is this of the form x? + ax = b, we have discussed?
How do we change the coefficient of #* to 17

How about dividing both sides of our equation by 2?

|
n + Shn= 150

Next we complete the square:
1 I I
2, N _ -
”+ 2n+[‘J =150+ 17

That s,

Now can't we find »?

50
n= 12orn= vy

Since # 18 a natural number in our problem, we need only the solution

n=12.

So, adding 12 terms of this sequence would give 300.

Thus in some equations, we have the additional job of changing the

coefficient of x* to 1, before cornpleting the square.

Now try these problems:

» The length of a rectangle is 10 centimetres more than its breadth;
and its area is 144 square centimetres. What are the length and

breadth?

» How many terms of the arithmetic sequence 5,7, 9, . . . should

be added to get 1407

Diagonal problem—algebra

We see that the method of completing
squares was used not only for solving
second degree equations, but for
computing square roots also, in olden
times.

Forexample, in an ancient Babylonian
clay tablet, the method of computing
the diagonal of a tall, slender rectangle
is given like this:
divide the square of the width by the
height and add halfof this to the height

In the current algebraic language, this
becomes
2

2

a

Its rationale can also be explained with
algebra, we know that

p Y By
2 2 _— = T
a+ b+ [2(1] [a 2a]

If the number 5 is small compared to

2

2
b
the number a, then (EE] would be a

very small number and so we can take

ptY
2 2% a+—
a+ b { 2}

a

Second Deerée Fomations =5
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» Anisosceles triangle as shown below 1s to be made:

Diagonal problem—geometry

Let’s have a look at the geometry of
the Babylonian diagonal estimate:

base

The height should be 2 metres less than the base and the area
9 should be 12 square metres. What should be the lengths of the
stdes?

* From a rectangular sheet of paper, two squares are cut off as
shown below:

a

o =

[ s ]
T ———— T
-

i

o ——— —

The remaining rectangle should have area 24 square centimetres.
What should be the lengths of the sides of the squares?

Bl

* Apole2.6 metres high leans against a wall, with its foot 1metre

away from the wall.
a
a o
2a
The last shape differs only slightly \
. 3 \%
from a square of side a + 5 right? T

Floor

When this distance was slightly increased, the top of the pole
slid down the wall by the same distance. How far was the foot
of the pole shifted?



* The perimeter of a rectangle is 28 metres and its diagonal is
10 metres. What are the lengths of'its sides?

» Find a pair of numbers with sum 4 and product 2.
* The sum of a number and its reciprocal is 2 % . What are the
numbers?

« 'Thirty candies were distributed among some children. Relishing
the sweet, the whiz-kid among them said, “If we were one short,
we would all get one more.” How many kids were there?

* There are two taps opening into a tank. If both are opened, the
tank would be full in 12 minutes. The time taken for it to fill with
only the small tap open, is 10 minutes more than the time to fill
with only the large tap open. What is the time taken to fill the
tank with only the small tap open?

Equations and polynomials
The general algebraic form of all the problems done so far is
axt+bx +¢=0
For example, our very first problem gave the equation
(x+ 5P =36
and this we can write
¥+10x —11=0
Another equation we came across in one of our problems is
2x*+x =300
and we can write this as
2x*+x —300=0

Looking at it like this, another idea takes shape. We know that ax?
+ bx + ¢, with @ # 0 is the general form of a second degree
polynomial.

So all the problems we have done can be seen as investigations in

Square root

We can use the Babylonian technique
(finding the diagonal of a rectangle),
for computing approximations of
square roots also. For any two
mum bers X and a, we have

2 2
(2]
+ =
G 2a 2a

If the number x is small compared to
a, we can take

2
X

F+x = [a+—J
2a

and so
= X
</ ma+ =
a +Xx a 2a

] 9
For example, since 2 = = - &

have

4

1.4166

£ 17
We have seen in Class 9 that 12 Was

used as an approximation for 5 in
ancient Babylon and in our place also
{the sections An old method and Folk
math of the lesson Irrational Numbers).
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We can use the method of completing
squares to find out certain features of
a second degree polynomial.

For example, consider the polynomial
plX)=x*+6x+11

By the process of completing squares,
we can write

plx) = x*+6x+11

(F*+6x+9)+2

(c+372+2

In this, whatever number we take as
x, the number (x + 3)* would not be
negative. So, the number got as p(x)
would never be less than 2.

In other words, if we take various
numbers in the place of x and calculate
the numbers got as p(x), the least
number got would be 2; and this is got
when we take x = -3,

68

finding the numbers for which a second degree polynomial gives

ZEr0.

Now let’s see the algebraic form of our method of solution also. To

solve the equation

ax?+bx +¢c=10

we first rewrite the equation in the more familiar form

ax* + bx =—¢

Then we divide both sides by a to get

Next to change the left side expression to a square, we add the

square of half the coefficient g ofx:

b 5 c b ¥
A ax [2(1, a 2a)
The left side of this can be written
B by
2 - —_ = X+—
e+ Ly +[23/ [ 2
and the right side can be simplified to
(L]l et
a 2a,_4az_a_ 4a*
Thus our equation becomes
[ pY b —dac
X+—| =
2a) 4a*
From this we get
.t i: - bt —dac _ t\Jbz—4ac
2a da* 2a
and then
x_*i +\u‘b2—4ac —b b —dae
T 22 T 2g - 2a



Thus we see that

For any three numbers a, b, ¢ with a = 0, the solution

to the equation

al+hxr +c=0i5 x=-

In view of our earlier discussion, this can also be stated as follows.
In the polynomial
plx)=ac +bx +c¢

if we take

—h b — dae

then
pix) =0

In solving second degree equations, instead of dividing by the
coefficient of x and then completing the square, we can directly
use this formula.

For example, consider the equation
2x*+x =300
Writing this as
2x*+x —-300=0

We can find x directly as

121 - 4x2%(-300)

x =
2x2

25

=120r?

Here are some problems for you.

F'ind the answers to the following problems correct to two decimal
places using a calculator.

Different methods

To solve a second degree equation,
we can do the process of completing
the square step by step; or we can
use the formula which does all this
work in one stroke and quickly gives
the solution. The convenience in using
either depends on the nature of the
equation.

For example, to solve
¥+ 12x+7=0
completing the square to get
(x+6P=-7+36

and proceeding may be better than
directly trving to compute

| —12412° —4x1x7

T 2

On the other hand, tor an equation like
2x*+5x -3 =0
directly computing

_5++/52 4 4% 2x3

4

2=

may be better than completing the
square 1o get

<« Second Depree Equations | 35
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Squares again!

We have seen in Class 9 that among
all rectangles of perimeter
20 centimetres, the square of side 5
centimetres has the maximum area
(the section Square speciality. of the
lesson Polynomials).

This we can see in a different way.
If the length of one side of such a
rectangle is taken as x, then its area
can be found from the polynomial

px)=x(10—x)=10x - x*=—(x* - [0x)
Completing the square, we can write
plx)=- ((X— 5) —25) =25 —(x~5)

In this, whatever be the number we
take asx, the number (x — 5)* would
not be negative; so that the number
p(x) would not be greater than 25.
And for x = 5, we do get p(x) = 25

« A rectangle of perimeter 10.75 metres and area 5.8 square
metres is to be made. What should be the lengths of its sides?

« The distance travelled by an object thrown upwards in f seconds
15 30¢ - 4.9 metres. After how much time would it fall down?
At what all times would it be 20 metres above the ground?

« Ineach ofthe second degree polynomials given below, find the
numbers to be taken as x to get zero:

o -2y -1
¢ 2x1—7x —15

¢ Ox2 4+ 12x +4

¢ xX2-5x +6
¢ xX*+5 +6
¢ X2+x -6
¢ x1-x -6

Discrimination

Armed with our new knowledge, let’s tackle an old problem:

o We want to make arectangle of perimeter 20 centimetres and
area 26 square centimetres. What should be the lengths of the
sides?

The equation of these requirements is
W10 —-x) =126
and we can write this as
xP—10x +26=0

Trying out our new technique, we get

_10£100-104  10£4/-4

2 2

X

What does /4 mean? Negative numbers don’t have square roots!

The meaning of this answer is that there are no numbers x for which
the equation x* — 10x + 26 = 0 holds. (In other words, whatever
number x we take, we won’t get zero from the the polynomial
x2—10x +26.)

In general, note that in the solution for the equation,
ax*+ bx + ¢ =0, we have a square root, \/p? _44. . If 2 —4dac

is a positive number, then it has two square roots and each leads to
a solution of the equation.



On the other hand, if #* — 4ac is negative, then the equation has no
solution.

What if 5> — 4ac is zero? Then it has only one square root (zero
itself) and so the equation has only one solution.

The number 5% — 4ac is called the discriminant of the equation
ax’ + bx + ¢ =0. So, what we found out is this:

If the discriminant of a second degree equation is
positive, then it has two solutions; if it is negative,
the equation has no solutions; and if it is zero, the
equation has only one solution

Now look at this problem:

o An 8 centimetres long wire is to be bent into a rectangle. Cana
rectangle with diagonal 2 centimetres be made from it? What
about a rectangle with diagonal 4 centimetres?

Taking the length of one side of such a rectangle as x the other must
be 4 — x and so the square of the diagonal must be

X+ (4 —xP=2x*-8x +16
So, the first question is whether this can be 4. That is,
2x*—8x +16=4
This we can write as
2x*—8x +12=0
The discriminant of this equation is
(-8-4x%x2x12=64-96<0
So, it is not possible to make such a rectangle.

Next, let’s check whether a rectangle of diagonal 4 centimetres is
possible. The equation of this wish is

2x2-8x =0

and its discriminant is

(-8 —4x2x0=8=64

Word and meaning

The word discriminant in ordinay
language means a feature which
makes something different from
others. And discrimination means
understanding of the difference
between one thing and another, and
also good judgement and taste.

It is also used to mean unjust
treatment of different groups of
people.

Since we have

Why should we aright to
oppose fight against
discrimination? wrong!

<< Second Degree Equartions 3%
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Polynomial and discriminant

We can use the discriminant to
understand some features of a
second degree polynomial also. In the
polynomial

px)=ax’*+bx+c

we can complete the square and
write

@) ( i b - b2 +c
SR s
F 2a 4a2 a
5 Y dac—b?
=al| x+— | +
2a 4a2

2
. by . ;
In this, (x+2—a) is not negative,

whatever be the number x. Also, if

2
L " dac—b
b? — 4ac is negative, then 3
4a

is positive. So, if a is positive, then
p(x) is positive for any number x and
if a is negative, then so is p(x), for
any number x.

What do we see from this? If the
discriminant 5°— 4ac is negative, then
depending on whether a is positive
or negative, the numbers got from the
polynomial p(x) would be all positive
or all negative.

What if »? — 4ac is positive? And
what if it is zero?

So, the equation has two solutions and they are

81L:1/@:40r 0

Since x is the length of the side of a rectangle in our problem, x # 0.
If we take x = 4, then the length of the other side would be
4 —x =0. So, either way, we cannot make such a rectangle.

What do we see here? Even if the mathematical equation arising
from a physical problem has a solution, the physical problem itself
may not have a solution.

Now try to answer the questions below:

* Canthe sum of'the first few consecutive terms of the arithmetic
sequence 5, 7,9, ... be 140? What about 240?

* From the polynomial p(x) =x?>+ x + 1, do we get p(x) =0
Can the sum be 240? any x? What about p(x) = 1? And
px)=-1?7

. 1
* From the expression x + = do we get 0, 1, or 2 for some

number x?

 Prove that if a, b, ¢ are positive numbers and if the equation
ax*+ bx + ¢ =0 has solutions, then they are negative numbers.

What's the
matter?
Tummy ache?

You Know, when it
comes to food, |am
rather

indiscriminate!




4 Trigonometry

Sides and anglcs

Look at these two triangles:

APQR has the same angles as A4ABC. More precisely,

/P = /4 /0 = /B ZR = ZC

And QR istwice as long as BC.
What can you say about the lengths of the other sides of APQR ?

The side opposite ZP is twice as long as the side opposite Z4;
and the sides opposite the other equal pairs of angles must also
have the same ratio, right?

In other words,

PO =2xA4AB=5cm

RP =2xC4=4cm
Now look at this triangle:

X
Y Z
In this also, we have
ZX =24 ZY = /B /7 =2C

On the earth and up the sky

Trigonometry is the study of the
relations between the sides and angles

of triangles.

We have seen that angles are used to
measure slant or spread or turn. (The
section Slant and spread and turn, of
the lesson Circle measures in the Class
9 textbook.) In history, we first come
across measures of slant in various
constructions on the earth; and
measures of turn in the study of planets

in the sky.

The first astronomical studies were
also for earthly needs. The basic need
of man is food; and production of
food, that is agriculture, depends on
the weather. A factor influencing
weather is the revolution of the earth
around the sun. To understand this
well, we must be able to determine
the positions of the other planets and
the stars. This is why in all ancient
agricultural communities, astronomy
was a major topic of study. And
mathematics, especially geometry, is
very much necessary for this.
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Measure of slant

We have already seen the
Babylonian technique of measuring
angles by dividing a circle into 360
equal parts and its connection with
astronomy. (The section History of
angle measurement, of the lesson
Slant and spread in the Class 6
textbook.) This method was used in
Babylon from the third century BC.
And this is the degree measure that
We Now use.

But in the constructions on the earth,
another method was used to measure
slants. See this picture:

run

As shown in the picture, the “run”
and “rise” change from one position
to another, but if we divide the rise
by the run at any position, we get the
same number. (Why?) And this
number differs from angle to angle,
depending on its size. It is this
number, which is used as a measure
of slant.

In the Ahmose Papyrus from ancient
Egypt (see the section Ancient Math,
of the lesson Equations in the Class 8
textbook), we can see such
computations. The slant between the
triangular faces and the base of
square pyramid is computed in this
manner.

In a clay tablet from ancient Babylon,
we see tables of numbers got by
dividing the hypotenuse by another
side, for various right angled
triangles.

Without knowing the length of at least one side, what can we say?

At least this much:

B
"

N
W
v R

Getting rid of decimals (or using APQR instead of A4BC), we can
write this as

1

=[N

A _¥
56

From this, we can write

XY
74

F -

5. ¥Z
6’ ZX
or combine all these into the single equation

XY:YZ.7ZX=5:6:4

The lengths of the sides of the other two triangles also bear the
same ratio, don’t they?

What general principle do we see here? We can draw several
triangles with the same three angles; and the actual lengths of the
sides may vary from triangle to triangle. But the ratio of these lengths
doesn’t change.

In short,

For triangles with the same set of angles, the ratio of

the lengths of the sides is the same.

This leads to another thought: if the angles of a triangle are known,
can we find the ratio of their sides?

Let’s look at a couple of examples:

o See this triangle:

45°

- 45°




The perpendicular sides of this triangle are equal (Reason?) And if
this length is taken as x, then the hypotenuse should be /7 x. (Why?)

Thus the ratio of the sides of this triangle is 1: 1: \/2

o Now another right angled triangle:

Let’s take the length of its shortest side asx. How do we compute
the lengths of the other two sides?

The first triangle we saw is half a square; and this one is half an
equilateral triangle. ( See the section, Seta square and a triangle,
of the lesson Between the lines, in the Class 7 textbook.)

60°
B

The sides of this equilateral triangles are as shown below:

2x 2x

Degree measure of angles

What does it mean, when we say
that an angle is 45°?

We can draw several circles centred
at the vertex of such an angle. And
the lengths of the arcs of such circles
within the sides of this angle are all
different.

o -
But each of these arcs is 3 of the

corresponding full circle. And 45 is
the number got by multiplying this

fraction 3 by 360.

What if the measure of the angle is
60°? For any circle centred at the
vertex of an angle of this size, the
length of the arc within the sides of

1
the angle would be ' of the entire

circle. And 60 is the number got by
1
multiplying this - by 360.

Generally speaking, the degree
measure of any angle is the number
got by first drawing a circle centred
at its vertex, dividing the length of
the arc within its sides by the
circumference, and then multiplying
this number by 360.

<< Trigonometty B
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Another measure of an angle
We have seen what the degree
measure of an angle means.

We noted that for circles of different
sizes, r and s in the picture above

change, but ﬁ does not change;

and the degree measure of the angle
is this fixed number multiplied by 360.
In other words,

degree measure of the angle

A

= 2—7"' x360.

In this, we can change r and s, but
not the numbers 2r and 360. So, isn’t

5 ¥ S
it enough if we take — as a measure
¥

of the angle?

That’s right. This gives another
measure of the angle, called its radian
measure. Thus,

9 S
radian measure of the angle = —
r

We use the symbol ° to denote the
degree measure, right? The radian
measure is written rad.

This idea was first proposed by the
English mathematician, Roger Cotes
in the eighteenth century. The name
radian was first used by the English
physicist, James Thomson in the
nineteenth century.

So, we find the length of the hypotenuse of our original triangle
as 2x and the length of one of the shorter sides to be x. What
about the length of the third side?

J(2x)? —x? =\3x? =3x

Thus the ratio of the sides of the triangleis 1: /3 :2

Let’s do some problems using these ideas:

o The adjacent sides of a parallelogram are 6 and 3 centimetres

long and the angle between them is 45°. What is its area?

To compute the area of a parallelogram, we should know the
distance between a pair of parallel sides. Let’s draw a figure:

6 cm

The vertical side of the right angled triangle in this is % ofthe
hypotenuse. (How?) So, the height of the parallelogram is %

. . 18
centimetres. Thus the area of the parallelogram is 77 Square
centimetres. If we are willing to compute a bit more, we can
write

18 e, M2 _
77 = 18% S ~0x 1.414=12.726

This gives the area of the parallelogram as 12.73 square
centimetres, correct to two decimal places.

o Arectangular piece of wood isto be cut along the diagonal and

the pieces re-arranged to form an equilateral triangle, as shown
below and the sides of the triangles should be 50 centimetres
long.




What should be the dimensions of the rectangle?

To make an equilateral triangle like this, the triangles got by cutting
the rectangle should have angles 30°, 60°, 90°. And the side of
the equilateral triangle would be hypotenuse of this right angled
triangle.

So, what is our problem? We have to find the lengths of the
other two sides of the triangle shown below:

The ratio of the lengths of the sides of this triangle, in the order
ofsize,is 1 :/3 :2. So, the length of the shortest side is

1
50><5:25

and the length of the other side is

3
50><7=25\/§

Thus the lengths of the sides of the rectangle should be 25
centimetres and 25 ./3 centimetres. I[f needed, we can compute
these correct to millimetres (Try!)

Some more problems are given below. Try your hand at them.

o The area of a parallelogram is 30 square centimetres. One of its
sides is 6 centimetres and one of its angles is 60°. What is the
length of'its other side?

¢ The sides of an equilateral triangle are 4 centimetres long. What
is the radius of its circumcircle?

¢ One angle of aright angled triangle is 30° and its hypotenuse is
4 centimetres. What is its area?

Degree and radian

Just as centimetre and inch are two
of the several units used to measure
length, degree and radian are two
common units to measure an angle.
In the International System of Units
abbreviated as SI units, the Unit of
angle measurement is taken as
radian.

From the equations defining degree
and radian, we see that

radian measure of angle

180
= degree measure of angle x = =¥

That is,

180 ) °
1 rad = T, ) ®572958°

More easy to remember is the
conversion formula

nrad = 180°

<< Thigonomeuy B
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e Inthe figure below, O is the centre of the circle.

Straightening
2.5 cm

In measuring an angle, we actually
measure the length of an arc of a

~circle, whether we use degrees or
radians. Instead of this, the Greek
astronomer Hipparchus started using e What is the length of the chord in the figure below?
lengths of chords, in the second
century BC.

What is the diameter of the circle?

Later mathematicians often refer to
a table of chords of various central
angles computed by Hipparchus, but
this table has not been found.
However, such a table of chords done
by the Egyptian astronomer Claudius
Ptolemy in the second century AD,
has been found. He has computed
accurately the lengths of chords of
central angles up to 180° in acircle

o

o Two identical rectangles are to be cut along the diagonals and
the triangles got joined with another rectangle, to make a regular
hexagon as shown below:

of radius 60 units, at 3
intervals.

30 cm

What should be dimensions of the rectangles?



« Compute the lengths of all sides of the quadrilateral below:

7] \

e Compute the area of the rectangle below.

o “

120° 30°

New measures of an gles

Recall that our aim is to determine the ratio of the sides of a triangle
in terms of its angles. And we have seen how this is done for certain
right angled triangles. But this is not so easy for other triangles.
Some tables which help us to do this have been computed by
mathematicians, quite some time ago. Let’s see what these tables
are and how we can use them in our task.

First note that for any given angle smaller than a right angle, we can
draw any number of right angled triangles having this as one of'its
angles; and the other angles of all these triangles are also equal.

For example, look at the pictures of some right angled triangles
with one angle 40°.

Old methods

Using Ptolemy’s tables, we can
compute the lengths of the
perpendicular sides of a right angled
triangle, given its hypotenuse and one
angle.

For example, suppose we want to do
this for a right angled triangle of
hypotenuse 8 centimetres and one
angle 40°. What Hipparchus and
Ptolemy do is to imagine such a
triangle drawn within a circle as
shown below:

40°

A C
8 /
~

e

If we draw the radius to the right
angled corner, we get a figure like
this:

Now using the table of chords, we
can find the length of the chord of
central angle 80° in a circle of radius
1 unit. Multiplying this by 4 gives one
side of our triangle. The other side
can be found using Pythagoras
Theorem. '

<< 'Trigonometry  BJ
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Half-chord

To compute the perpendicular sides
of a triangle using Ptolemy’s table,
we have to double the angle and
halve the hypotenuse.

This can be avoided by forming a
table which associates with every
angle, half the length of the chord of
double the angle.

Such a table can be seen
in the astronomy text called
Suryasiddhanta, written in India
during the fifth century AD.
Operations using such tables can also
be found in the book Aryabhatiya
written by the famous Indian
astronomet Aryabhata in the same
period. He calls this measure of the
angle ardhajya. (We have noted in
the section Chord and cord, of the
lesson Circle in the Class 9 textbook,
that that chord of a circle is called
Jya in Sanskrit.)

— 40°

Though these are of different sizes, all of them have the same three
angles 40°, 50°, 90°. And so the lengths of their sides are in the same
ratio.

In other words, the ratio of the lengths of two sides of any one
triangle among these, is equal to the ratio of the lengths of the sides
in the same position of any other triangle.

To shorten this some what, let’s call the shorter of the two sides
containing the angle 40°, its adjacent side. The longer side is of
course, the hypotenuse. The side opposite this angle, naturally
enough, we name its opposite side.

ap1s juedelpe

hypotenuse

opposite side

Then in each of these triangles, the number got by dividing the
opposite side of40° by the hypotenuse is the same; and this has
been computed to be about 0.6428. Again, the number got by
dividing the adjacent side of 40° by the hypotenuse is also the same
for all triangles and this has been computed to be about 0.7660.

These numbers have special names. For example, the number got
by dividing the opposite side of 40° by the hypotenuse, in any right
angled triangle with this as an angle, is called the sine of 40°; and
the number got by dividing the adjacent side of 40° by the hypotenuse
is called the cosine of 40°.



They are shortened as sin 40° and cos 40°.
Thus as mentioned earlier,
sin 40° ~ 0.6428
cos 40° = 0.7660

There are tables which give the sin and cos for all angles less than
90°. A part of it looks like this (The full table is given at the end of
the chapter.)

QAngle sin cos)
4 35° 0.5736 0.8192 )
36° 0.5878 0.8090
37° 0.6018 0.7986
38° 0.6157 0.7880
39° 0.6293 0.7771
\_ 40° 0.6428 0.7660 ) )

From this we see for example,
sin 35°=0.5736
cos 35°~0.8192

What do these mean? In any right angled triangle drawn with one
angle 35°, the opposite side of this angle divided by the hypotenuse
gives approximately 0.5736; and its adjacent side divided by the
hypotenuse gives approximately 0.8192.

Using these names, we can describe the facts about the right angled

triangles seen earlier as
in45° = —= 450 =
sin 45° = NG oS =5
1
sin 60° = ij— cos 60° = 5

Can you write sin 30° and cos 30° like this?
Now let’s look at some instances of using these tables:

« The hypotenuse of a right angled triangle is 6 centimetres long
and one of its angles is 40°. What are the lengths of'its other two
sides?

What’s in a name?

The measure of an angle that is now
called sin is the same as what
Aryabhata called ardhgjya. This is
how the name evolved.

Arybhata himself, in his later works,
drops the adjective ardha (meaning
half) and writes only jya for the half-
chord associated with an angle. For
a period starting sometime around
seventh century AD, the rulers of the
Arab countries actively promoted the
translation of ancient texts from
Greece and India. In the translation
of Aryabhatiya, the word jya was
transliterated as jiba. Following the
custom of not writing the vowels, this
was written as jb in Arabic.

Later, these Arabic texts reached
Europe and were translated into
Latin, sometime around the thirteenth
century. In supplying the missing
vowels to jb, the Latin translators
mistook it for the word jaib which
means a bend or a fold. They used
the word sinus which means the
same thing in Latin. During the
course of time this became simply
sine.

The word cosine comes from what
Arybhata calls the kotijya.

<< Trigonometry 3
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Kerala math

We have mentioned Madhavan, the
fourteenth  century Kerala
mathematician. (the section = in
Keralam of the lesson Circle
Measures in the Class 9 textbook).
He discovered a sequence to
compute the length of a chord from
the length of its arc. Translating what
he has written in Sanskrit to modern
mathematical notation, his finding is
that for any number x, the sequence:

x— SO TRAS
1x2x3 ° 1x2x3x4x5

gets closer and closer to sin x, where
x is in radians

We can shorten this by writing

5 5t

N T ey,

sinx= x

This was re-discovered by Newton
in England and Leibniz in Germany,
during the seventeenth century.

Let’s draw a picture:

4
(-}
%
40°
B C
From this figure, we get

AB BC
- (o] - - _ [o]
c = sin 40° and C = C0s 40

and these give
AB = AC x sin 40°
BC = AC x cos 40°

Now using the given fact that AC = 6 centimetres and the values
of sin 40° and cos 40° got from the tables, we can compute

AB~6x0.6428 =3.8568
BC ~ 6 x0.7660 = 4.596

Thus the perpendicular sides of the triangle are approximately
3.9 and 4.6 centimetres long.

¢ The lengths of two sides of a triangle are 6 centimetres and 4
centimetres; and the angle between them is 50°. What is the
area of this triangle?

See this figure:

To compute the area of this triangle, we need the height from a
side. Let’s draw the perpendicular from the top vertex.



4
=N
o
3

Y

The area of the triangle is

%xBCxAD :—21- % 6x AD =3 x AD

How can we compute the length of 4D? From the right angled
triangle ABD in the figure,we get

AD

5" sin 50°
From this we get
AD =AB x sin 50° = 4 sin 50°
And from the tables we find

sin 50° ~ 0.7660
so that we get
AD =4 x 0.7660 = 3.064
Now we can find the area as
3xAD= 3 x3.064~9.19
Thus the area of the triangle is about 9.19 square centimetres.

Now take the angle at B as 130° instead of 50°, and compute
the area.

¢ Oneangle of atriangle is 70° and the length of its opposite side
is 4 centimetres. What is its circumradius?

Pythagorean relation

See this triangle:
A

B C

The Pythagoras Theorem applied
to it gives

AB* + BC*= AC?
Dividing this equation by AC?, we get

AB*  BC?
At T aC?

=]
Viewing this relative to £ 4 , it
becomes

cos?4 +sin4 =1

And this is true for any angle. (The
squares of cos 4 and sin A4 are
written cos?4 and sin?4.)

<< Thgonometry B
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Area
Look at the traingle below.
G
b a
A c B

How do we compute the area of this
triangle?

For this, we first draw the
perpendicular from C.

C

Then we have

1
area =§ x AB x CD

Also, from the figure, we see that
CD =ACsin A= bsin 4

So, we get

1
area =§ bc sin 4

Drawing perpendiculars from other

vertexes, we can also see that

1 1
area 25 ca sin B =E ab sin C

All these expressions for area give
the same number, right? Can you find
any relation between the sides and
angles of a triangle from these?

Have we done recently any such problem, where we had to
compute a diameter? Just have another look at the problems
done so far in this lesson.

Let’s draw the diameter through B in the above figure and join
its other end with C:

.\ 4 cm y /

Then BCDis aright angled triangle (why?) and also, the angles
at A and D are equal (reason?) So, ZBDC =70°. Now from the
right angled triangle BDC, we get

BC .0
ap = Sin 70
and from this
BC 4
BD = sin70° — sin70°

From the tables, we can see that sin 70° ~0.9397 and then we
can compute
4

BD = 00397 4.3

using a calculator. Thus the diameter of the cicumcircle is about
4.3 centimetres.

Can you compute the circum radius if the angle is 110° instead of
70° in this problem?

Two sides of a triangle are 7 and 6 centimetres long and the
angle between them is 40°. What is the length of the third side?



40°

A 7 cm B

To find the length of BC, the trick is to draw the perpendicular

from C'to AB.
c

NS

A
~1
[z}
3
3

Now from the right angled triangle BCD, we get
BC*= BD*+ D(C*?

Now let’s see how we can compute BD and DC.
From the right angled triangle ACD, we get

DC = AC sin 40° = 6 x 0.6428 = 3.86
Again from the same triangle,

AD = AC cos 40° = 6 x 0.7660 ~ 4.60
This gives

BD=AB-AD~7-46=24
Now we can compute
BC = Jpp*+DC* =~ 386" +2.4° =454

Thus the length of BC is about 4.5 centimetres. What would be
the length of BC, if the angle at 4 is 110° instead?

Large angles

What is the area of this triangle?

(@]
\: =
\\ ‘\\‘\
\\ B . @
b\ i
\“x

\!\1 2
A ¢ B

If we draw the perpendicular from
C, we get the figure below:

C
o
IV =G
N
=4
\\ b \\'\
\‘ o 1
b ~
T 58
D 4 c B
Here also,

1
areazi x AB x CD

But we cannot write CD as b sind
(why not?)
However, from the right angled
triangle ADC, we have
ZCAD=180°- LCAB

so that

CD= bsin (180° — LCAB)
Now let’s write / 4 instead of £ CAB
(this is anyway the interior angle at
A). Then we can write

1
area =3 be sin (180 —A4)

In general, if £ 4 < 90° in AA4BC,

! el !
then its area is 5 be sin A4; if

Z A4 > 90°, then the area is

1
Py besin (180 —A4).
Whatif £4=90°7?

K< Thgonometry 3Bk
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The third side

See this triangle:

RN
o
oy

Suppose we know the lengths b, ¢
and the angle 4. How do we find the
length a?

For this also, we need only draw the

perpendicular from C.
e

From the right angled triangle ADC,
we get

AD = bcosAand CD= bsin A4

Now from the right angled triangle
BDC, we get

a* =b*sin’ 4 + (¢ — b cos 4
In this, if we write

(c— bcos AY
=c*+ b cost A —2bc cos A

and also see that,
b? sin? A4 + b? cos® 4
= b? (sin*A4 + cos? 4)
oy
then we get

dF=b+c-2bccos A

Now some problems for you:

o Without actually drawing figures or looking up tables,can you
arrange the numbers below in ascending order?

sin 1°, cos 1°, sin 2°, cos 2°

o The lengths of two sides of a triangle are 6 centimetres and
4 centimetres; and the angle between them is 130°. What is its
area?

o One angle of a triangle is 110° and the side opposite to it is
4 centimetres long. What is its circumradius?

e Two sides of a triangle are 7 and 6 centimetres long and the
angle between them is 140°. What is the length of the third side?

o Two sides of a parallelogram are of length 6 centimetres and
4 centimetres and the angle between them is 35°. What are the
lengths of its diagonals?

Another measure

We want to draw a right angled triangle with one of the shorter
sides 3 centimetres long and an angle on it 50°.

50 s

3 c¢m

Not adifficultjob, right? What is the length of the other short side?

If we look up cos 50° in the table, then we can compute the
hypotenuse and then the third side using Pythagoras Theorem.

We can use another table to compute this directly. The numbers got
by dividing the opposite side by the adjacent side of an angle in
various right angled triangles have also been tabulated.



The number thus got is called the tangent of the angle and is
shortened as tan. As examples, let’s look at some of the triangles

seen earlier.
30°
NZ)
A 2
N2
1
. % 60°

1 1 1

We can then see that
1

tan 45° =1 tan 60° = /3 tanBQ =5

Let’s return to our original problem:

BN

50° ]
B 3 cm C

As mentioned just now, we can see that

AC .
BC = tan 50

and then compute

AC=BC xtan 50°=3 x 1.1918 =3.5754 = 3.6

using the figure and the tables. Thus the required length of the side

is about 3.6 centimetres.

Here’s another instance of using the tan measure.

We want to find out how high the man in the picture stands above

the ground.

Large angles again

€

\"\\ \\_

\\ R

b\ ~d
".\ \
A s
X254 L
A @ B

Suppose in the above figure, we
know the lengths b, ¢ and the angle
A. Does the earlier method of
computing the length a of the third
side work for this also?

What all things are changed?

From the right angled triangle ADC,
what we get here are

AD=bhcos (180 —4)
CD=bsin (180 —4)

Also, what we get from the right
angled triangle BDC becomes

BD=c+bcos(180-4)

With these changes, our earlier
technique gives here

@*=b*+c*+2bccos (180 —A4)

What we saw here is a triangle with
ZA>90°, What if £4 = 90°?

<< Trigonometry  3p
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New meanings

To compute the sin, cos or tan of an
angle, we have to first draw a right
angled triangle with this as one of its
angles. This is possible only if the
angle at hand is less than 90°. Thus so
far as we have seen, trigonometric
measures are possible only for angles
less than 90°.

We have seen that because of this
limitation, we need different formulas
depending on the size of the angle in
various computations, such as finding
the area of a triangle or the lengths of
its sides. To overcome this, we make
new definitions of sin and cos for
angles greater than 90°. They are as
follows:

sin (180° —x) =sinx
cos (180°—x) =—cosx
We extend the definitions also as
sin90° =1
cos 90° =0

(Visualize what happens to the
opposite side and adjacent side of an
angle in a right angled triangle, when
it gets closer and closer to 90°)

With these new definitions, we can use
the single formula

1
area = 5 bc sin 4

and
ad=b+c*-2bccos 4

in any triangle with angles 4, B, C and
sides g, b, c.

The dimensions of the steps are as shown below:

c B
What we are asked to compute is the height AB. From the above
figure, we get
AB = BC x tan 35°
and from the tables we get
tan 35 °~ 0.7002
What about the length BC?

20 cm

l ;% 35¢

C 20 cm 20 cm 20 cm B

From the above figure, we can see that the length of BC is 60
centimetres. Thus

AB = BC x tan 35° ~ 60 x 0.7002 = 42.012



So, the height is about 42 centimetres.

Now some problems for you to do on your own:

_ _ Triangles and circles
e How many rhombuses can we draw with one diagonal 5

centimetres long and one angle 50° ? What are their areas? See this picture:

o Aladder leans against a wall with its foot 2 metres away from
the wall and it makes a 40° angle with the ground. How high is \

the top of the ladder from the ground? %
o Three rectangles are cut along their diagonals and the triangles "
so got are rearranged to form a regular pentagon as shown below: & 7 2

BD is a diameter of the circle. So,

£BCD =90° and £ZD = £A4. Taking
the diameter of the circle as d, we
get.

; a=dsinD =dsin4

from the right angled triangle BCD.
Similarly, we can see that

b=dsinB,c=dsinC.
So,

a b c
sind ~ sinB

Sl

30 cm

Would this be right if an angle of the
triangle is larger than 90°?

e

/ a =

Find the dimensions of the rectangles.

o The vertical lines in the figure below are drawn 1 centimetre
apart.

ey
/|

What if one angle is a right angle?
4

40°

Prove that their heights are in arithmetic sequence.

What is the common difference?

<< Thgonomerry - Bj
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Heights and distances
To see things high up, we have to raise our heads. See these pictures

Problem solved!

We saw that in any triangle
(whatever type it is) with angles 4,
B, C and the lengths of sides opposite

them g, b, ¢, we have

a b c

sind _sinB  sinC

In other words,

a:b:c=sinAd :sinB:sinC

usual line of sight

) @@ | K@
| el
We started by observing that in all

the various triangles having the same  Qur usual line of sight is parallel to the ground and when we look up
thre.e angles, the ratio of the lengths something high, this is raised. The angle between these lines is
of sides is the same; and then set out called the angle of elevation.

to find this unchanging ratio. Now . . .
: e S Similarly when we look down from a height, we have to lower our
we have the answer. i 7
line of vision.

That is, in any triangle, the ratio of
sides is equal to the ratio of the sines
of the angles opposite them.

The angle so formed is called the angle of depression.

Such angles are measured using an instrument called clinometer.
Heights and distances which cannot be directly measured are
computed by measuring angles using a clinometer and doing
calculations using sin and cos.



Let’s look at some examples:

e A man 1.7 metres tall stands 10 metres away from the foot of a
tree; and he sees the top of the tree at an angle of elevation 40°.
How tall is the tree?

In the figure below, the line MN denotes the man and 7R, the
tree.

T
40°
M L
1.7
= R

10 m

From the figure and with the help of tables, we get
TL = ML tan 40° = 10 x 0.8390 = 8.39
So,
TR=TL+LR=TL+ MN=~839+1.7=10.09
Thus the height of the tree is about 10.09 metres.

o A man 1.8 metres tall looks down from the top of a lighthouse
25 metres high and sees a ship at an angle of depression 35°.
How far is the ship from the foot of the lighthouse?

Let’s draw a figure first:
M
LY 35
H s

In this, LH is the lighthouse and LM is the man standing on top.
The point S denotes the ship. Thus we want to find the length
HS.

Congruency

We have seen in the lesson
Congruent Triangles of the Class 8§
textbook, that in a triangle if any of
the three measures, (i) the lengths
of all three sides, (ii) the lengths of
two sides and the angle between
them or (iii) the length of one side
and the two angles on it, are specified,
then all the other measures are fixed.

How do we compute them?

Suppose we know the lengths a, b,
c of atriangle. Then the angles 4, B,
C can be computed using relations
like

b+t -a’

cos A= Phe

If we know the lengths g, b of two
sides and the included angle C, then
we can first find the length ¢ of the
remaining side using the equation

c=at+b*—-2abcos C

and then compute the remaining
angles as in the first case.

If we know the length a of one side
and the two angles B and C on it,
then we first find the third angle 4

by
A=180-(B+C)

and then find b and ¢ using the
equations

asin B asinC

- G
sind ’ sin 4

Thus we complete the determination
of triangles using trigonometry.

<< Trgonometry  Bp
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Using the facts given in the problem, we can find
MH=ML+ LH=25+18=2638
and £ZHMS = 55°
So, from the right angled triangle MHS, we get
HS = MH tan 55° = 26.8 x 1.4281 ~ 38.27

This means the ship is about 38.27 metres away from the foot

of the light house.
o Aboy, 1.5 metres tall, standing at the edge of ariver bank, sees
Slantand spread the top of a tree on the the edge of the other bank at an elevation
We have noted that the trigonometric of 50°. Standing back by 10 metres, he sees it at an elevation of
T L 25°. How wide is the river and how tall is the tree?

the need to see angle as spread. The
measure tan is the result of
connecting this method with the need
to consider angle as a slant. (Its
definition is nothing but the old way
of measuring slant as the quotient of
rise by run.)

Such a connection was first made by
the ninth  century  Arab
mathematician Ahmed ibn Abdallah
al Mervazi. He also gave a table of
tan measures.

The name tangent for this measure
originated only in the sixteenth
century. (see the section, Name and
meaning of the lesson Tangents) In the figure below, TR is the tree, BY is the first position of the

boy and NP is his new position.

T

1.5 m 1.5 m

P 10 m Y R

What we want to compute are the lengths of ¥ R and 7R.



From the figure, we get
YR=BL and TR=TL+LR=TL+1.5

So, we need only find BL and 7L. If we take BL=xand TL =y,
then from the right angled triangle BT, we get

y=xtan 50° = 1.1918x
and from the right angled triangle N7L,
y = (x +10) tan 25° = 0.4663 (x + 10) = 0.4663x + 4.663
These equations show that
1.1918x = 0.4663x + 4.663

from which we can find

4,663
Y= 07255

= 6.427

using a calculator. Then we can find
y=1.1918 x 6.427 =7.659

Thus the width of the river is about 6.43 metres and the height of
the tree is about 7.66 + 1.5 =9.16 metres.

Now you can try these problems:

e The length of the shadow of a tree is 18 metres, when the sun is
at an elevation of 40°. What is the height of the tree?

A man 1.75 metres tall, standing at the foot of a tower sees the
top of a hill 40 metres away at an elevation of 60°. On climbing
to the top of the tower, he sees the top of the hill at an elevation
of 50°. Compute the heights of the hill and the tower.

Aboy 1.5 metres tall, sees the top of a building under construction
at an elevation of 30°. The building is completed, adding 10
more metres to its height; and then the boy sees the top at an
elevation of 60° from the same spot. What is the total height of
the completed building?

A man 1.8 metres tall, looking down from the top of a telephone
tower sees the top of a building 10 metres high at an angle of
depression 40° and the foot of the building at an angle of
depression 60°. What is the height of the tower? How far is it
away from the building?

Other measures

We saw how measures such as sin,
cos and tan are defined, by drawing
aright angled triangle including the
angle and then forming the quotients
of the lengths of its sides in various
ways. There are some more
quotients remaining, which we have
not so far considered. These too have
special names.

The reciprocals of the sin, cos and
tan of an angle are called its
cosecant, secant and cotangent;
and they are abbreviated as cosec,
sec and cot.

we're straight and
you're upside dowrn

Can these words ]
be turned upside J

el 7
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Angle sin €os tan
0° 0.0000 1.0000 0.0000 46° 0.7193 0.6947 1.0355
[ r° | oo17s | 09998 | 00175 | | 47 | 07314 | oes20 | 10724 |
20 0.0349 0.9994 0.0349 48° 0.7431 0.6891 1.1106
3 | 00523 09986 | 00524 | 49° | 07547 | oes61 | 11504
| 40 | o0s9%8 | 09976 | 00699 ' 50° 07660 | 06428 | 11918 |
50 0.0872 0.9962 0.0875 51° 0.7771 0.6293 1.2349
6 | 0.1045 0.9945 0.1051 52 | 07880 | os157 | 12799 |
[ 72 | 01219 09925 | 01228 | 530 _j 0.7986 0.6018 13270 |
8° 0.1392 0.9903 | 0.1405 s4° | 08090 | 05878 T B
9 | o0.1564 09877 | o0.1584 s | 08192 05736 | 14281
10° 0.1736 0.9848 0.1763 560 | 08290 | 0559 1.4826
110 | 0.1908 0.9816 0.1944 | 57 | 08387 | o546 | 15399
12 | 02079 | 09781 | 02126 | 58 | 08480 | 05299 | 16003 |
[ 130 02250 | 09744 0.2309 - 590 | o872 | 05150 1.6643
14° 02419 | 09703 02493 [ 60° | 08660 | 0.5000 1.7321
15 | 02588 | 09659 | 02679 | 610 0.8746 | 0.4848 1.8040
16° 0.2756 09613 | 02867 | 62° | 08829 | 04695  1.8807
17 | 02924 | 09563 | 03057 63 | 08910 04540 |  1.9626
18° 03090 | 09511 03249 64 | 08988 | 04384 | 20503
[ 190 | 03256 0.9455 10.3443 - 65° | 09063 | 04226 | 21445
200 | 03420 | 09397 | 03640 66° | 09135 04067 | 22460 |
21° 03584 | 09336 03839 67° | 09205 03907 | 23559 |
[ 220 03746 0.9272 0.4040 T G himeen Y [Tawad | [ eeesr |
230 0.3907 0.9205 0.4245 69° 0.9336 0.3584 2.6051
[ 24c | 04067 | 09135 | 04452 | 700 | 09397 | 03420 | 27475
[ 252 | 04226 | 09063 | 0.4663 71° 09455 | 03256 | 29042
| 260 | 04384 0.8988 0.4877 o720 | 09511 | 0.3090 3.0777
[ 27° 04540 | 08910 | 05095 | 73° | 0.9563 02924 | 32709 |
280 | 04695 | 0.8829 05317 74> | 09613 | 02756 | 3.4874
[ 290 | 04848 | o08m6 | 05543 75° | 09659 | 02588 | 37321 |
300 | 05000 0.8660 05774 | 760 | 09703 02419 |  4.0108 |
[ 310 | os150 | 08572 0.6009 770 09744 | 02250 | 43315 |
[ 320 05299 | 08480 0.6249 782 | 09781 | 02079 | 47046 |
[ 330 0.5446 | 0.8387 0.6494 | 79° | 09816 0.1908 | 51446 |
[ 340 | 05592 | 0.8290 0.6745 [ s0c | oo9sas | 01736 | 56713 |
[ 350 0.5736 0.8192 07002 | s1° | 09877 | 01564 | 63138 |
[ 36° 05878 | 0.8090 0.7265 82 0.9903 0.1392 7.1154 |
[ 370 | 06018 | 0.7986 0.7536 83 | 0995 | 01219 81443 |
[ 380 | 06157 0.7880 0.7813 8e° | 09945 | o0.1045 9.5144
[ 390 0.6293 0.7771 0.8098 - 85° | 0.9962 0.0872 | 114301 |
[ 400 06428 | 0.7660 0.8391 | 86° 09976 | 00698 | 143007 |
[ 410 | 0.6561 0.7547 0.8693 870 | 0998 | 00523 | 19.0811 |
[ 420 | 06691 0.7431 0.9004 [ 880 | 09994 | 00349 | 286363 |
[ 430 | 06820 0.7314 0.9325 - 89° | 09998 | 00175 | 57290 |
| 440 | 0.6947 07193 | 0.9657 90° | 10000 | 00000 | .
[ 450 0.7071 07071 | 1.0000
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5 Solids

Py ramids

We have seen how we can make various kinds of prisms from

paper sheets, by cutting, folding and pasting. Shapes

Some geometrical shapes such as
triangles, rectangles and circles lie
flat in a plane; and some such as
prisms and cylinders rise up and

cannot be confined to a plane.

Prisms and cylinders are seen
around us as boxes and blocks and
pillars:

We also see solids, which are not
prisms.

We have also learnt much about prisms.

Now let’s make something different. First cut out a figure like the
one given below from a thick sheet of paper.



Cn A== Z2Eam=r> 2

96

Pyramids of Egypt

The very name pyramid brings to mind
pictures of the great pyramids of

Egypt.

About 138 pyramids have been found
from various parts of Egypt. Most of
them have been built around 2000
BC.

The largest among them is the Great
Pyramid of Giza.

Its base is a square of almost half a
lakh square metres; and the height is
about 140 metres. It is reckoned that
it took almost twenty years to build
this.

These royal tombs, starting from a
perfect square and rising to a point,
erected with gigantic stone blocks,
stand as living symbols of human
endeavor, engineering skill and
mathematical expertise.

A square in the middle and four triangles around it; and they are
(congruent) isosceles triangles.

Fold and paste its edges as shown below:

What kind of a solid is this? We cannot call it a prism; a prism has
two identical bases and rectangles on its sides. In what we have
made, there is a square at the bottom, a point at the top and triangles
on the sides.

Instead of a square at the bottom, we can have a rectangle or a
triangle or some other polygon. Try! (It looks nicer if the base is a
regular polygon.)

The general name for such a solid is pyramid.



The sides of the polygon forming the base of a pyramid are called
its base edges and the other sides of the triangles are called lateral
edges. The top end of a pyramid is called its apex.

apex

base edge

By the height of a prism, we mean the distance between its bases;
by the height of a pyramid, we mean the perpendicular distance
from its apex to its base.

Areas

What is the surface area of a square pyramid with base edges
10 centimetres and lateral edges 13 centimetres?

Surface area means the area of the paper needed to make this.
How would it look if we cut the pyramid and spread it flat?

Angle and height

To make a square pyramid, we must
first fix the base. This also fixes the
base of the isosceles triangles on the
sides. If we decide on the angle at
the top vertex of these triangles also,
then the pyramid is completely
determined.

As we make this angle smaller, the
pyramids become thinner; and we
get tall, slender pyramids.

What if we make the angles larger?
We get pyramids that are squat and
fat:

How large can we make this angle?
Can it be 90°?

How large can this angle be for a
hexagonal pyramid? And for other
pyramids?

Solids >
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Pyramidal numbers

In the section Triangular numbers, of
the lesson Square Numbers in the
Class 7 textbook, we saw how dots
can be arranged as triangles to get
what are called triangular numbers.

@
3 ® @
@ ® @ e @ ¢

In the sequence of numbers we get
from this, the nt" term is

1
l+2+3+...+n=5n(n+l)
as seen in the lesson Arithmetic
Sequences.

Like this, we can stack small balls in
the shape of square pyramids to get
a sequence of numbers:

o, &

in this
sequence are called pyramidal
numbers. The n™ term of this
sequence is

The numbers 1, 5, 14, . ..

124+224+3%+ ..+ 12

nn+1)2n+1)

|-

as seen in the section Sum of squares
of the lesson Arithmetic Sequences.

We can quickly say that the area of the square in it is 100 square
centimetres. What about the triangles?

The sides of this triangle are 10, 13 and 13 centimetres. And to find
the area using this, Heron comes to our aid: subtract the length of
each side from half the perimeter and ...

VI8x8x5x5 =/9x16x5x5 =60

Thus the area of each triangle on the side is 60 square centimetres.
So the surface area of the pyramid is

100 + (4 x 60) =340 sq.cm

There is another way to compute the area of the triangle.
>
3

10 cm

We need only the height of this triangle, right? Since it is isosceles,
the perpendicular from the vertex bisects the base.

Now using Pythagoras Theorem, the length of this perpendicular
can be found as

V132 -52=12cm

And using this, we can find the area of the triangle as 5 x 12 =60
square centimetres.

When the paper is made into a pyramid, what becomes of this
height?



Tetrahedral numbers

We can also stack small balls as
pyramids with equilateral triangle
bases.

This length is called the slant height of the pyramid.

In the problem just done, we saw a relation connecting the base

edge, lateral edge and the slant height of a square pyramid. Thereis L 1iS gives the number sequences 1,
4, 10, ...., that is, each term is a sum

of consecutive triangular numbers. It
can be proved that the #»™ term is

aright angled triangle like the one shown below 1n each face ofa
square pyramid—its perpendicular sides are half the base edge and
the slant height; hypotenuse is the lateral edge.

1+3+6+...+%n(n+l)

|
— gn(n + 1)(n+ 2)
Numbers got thus are called
tetrahedral numbers.

Tetrahedron is the general name for
a solid with four triangular faces:

half the base edge

Now can’t you do this problem?

What is the surface area of a square pyramid of base edge 2 metres
and lateral edges 3 metres?

A pyramid based on an equilateral
triangle is just a special case of a
tetrahedron.

<< Salids >
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Polyhedrons

We noted that a solid with four
triangular faces is called a
tetrahedron. The general name for a
solid with all its faces polygons is
polyhedron.

Prisms and pyramids are special
cases of polyhedrons. Cylinders and
cones are not polyhedrons.

A polyhedron in which the faces are
all regular polygons and in which the
number of faces coming together at
each vertex is the same, is called a
regular polyhedron. Euclid has
proved that there are only five such:

Tetrahedron Cube

Octahedron Dodecahedron

feosahedron

The base area is 4 square metres. To compute the area of the lateral
faces, we need the slant height. In the right angled triangle we just
referred to, one short side is half the base edge, which is I metre
and the hypotenuse is the lateral edge, which is 3metres; so the
slant height, which is the third side of this right angled triangle is

V¥ -1P=22 m

Using this, the area of each triangular face can be found as

1
2%2x 22 = 2J2sq.m

Thus the surface area of the pyramid is

4+(@x 2J2)=4+ 82 sq.m

If you are not satisfied with this, then you can use a calculator (or
recall an approximate value of /7 )to compute thisasabout 15.31

square metres.
Now do these problems on your own:

¢ Asquare of side 5 centimetres and four isosceles triangles, each
of one side 5 centimetres and the height to the opposite vertex 8
centimetres; these are to be joined to make a square pyramid.
How much paper is needed for the job?

e A toy in the shape of a square pyramid has base edge 16
centimetres and slant height 10 centimetres. 500 of these are to
be painted and the cost is 80 rupees per square metre. What
would be the total cost?

o The lateral faces of a square pyramid are equilateral triangles of
side 30 centimetres. What is its surface area?

Height and slant height

The height of a pyramid is often an essential measure. See this
problem:

A tent is to be made in the shape of a square pyramid. The sides of
its base should be 6 metres and its height should be 4 metres. How
much canvas would be needed for this?

To compute the areas of the triangles forming the sides of the tent,
we need the slant height. How do we find it from the given facts?



See this picture:

The slant height we need is the length AM. Joining CM, we get a
right angled triangle. What is the length of CM?

We can see from the picture that

AM= 32 142 =5m

So, to make the tent, we need four triangles each of base 6 metres
and the height from it 5 metres. Their total area is

4x 3x6x5 =60sq.m

And this is the area of the canvas needed to make the tent.

What we saw in this problem is true for all square pyramids. Inside
any square pyramid, we can visualize a right angled triangle with the

slant height as hypotenuse; its perpendicular sides are the height of

the pyramid and half the base edge.

Lateral surface area

As in the case of prisms, the sum of
the areas of the faces on the sides
of a pyramid is called its lateral
surface area.

If the base of a pyramid is a regular
polygon, then the triangles on the
sides are all congruent. So, in this
case, to find the lateral surface area,
we need only multiply the area of one
triangle by the number of sides of the
base.

Let’s put this in algebra. Suppose the
base is a regular polygon of # sides
and that each of its sides is of length
a. If the slant height of the pyramid
is taken as /, then the lateral surface
area is

1

nxgxaxl

In this, # x a is the perimeter of the
base. Thus the lateral surface area
is half the product of the base
perimeter and the slant height.

v
\4
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Triangular relations
We noted that on each triangular face
of a square pyramid, we have a right
angled triangle like this:

3b
Also, within the pyramid, another
right angled triangle like this:

peaaae

i ".. 48
There’s a third right angled triangle
within the pyramid, as shown in this

picture:

perreny vy a e

2
Using these, we get certain relations
connecting the length b of the base
edge, the length e of the lateral edge,
the slant height /, the height 4 and
the length d of the base diagonal:

e=Pip
4

P=ky B
4

1
e=hn+ Zdz

Note that from any two of these
equations, we can algebraically
derive the third.

Now can’t you do these problems?

¢ A square pyramid is made using a square and four triangles with
dimensions as shown below.

24 cm

What would be the height of the pyramid?

What if the square and triangles are like these?

30

24 ¢m

o We want to make a paper pyramid with base a square of side
10 centimetres and height 12 centimetres. What should be the
lengths of the sides of the triangles?

o Prove that in any square pyramid, the squares of the height,
slant height and lateral edge are in arithmetic sequence.



V()lLIHlC (){: d PYI'ZlIT]id

We have seen that the volume of any prism is the product of its

base area and height. What about the volume of a pyramid? Truncated pyramid

If we cut a square pyramid parallel
to its base, we get a smaller square
pyramid from the top:

Let’s take a square pyramid. First an experiment. Make a square
pyramid using stiff paper. Also, a square prism with the same base
and height.

What remains at the bottom?

Such a shape is called a frustum;
more precisely, here we get a
frustum of a square pyramid.

If in such a frustum, we know the
have to do this thrice to fill the prism. Thus we can see that the  |engths of the sides of the squares at
volume of the pyramid is a third of the volume of the prism. (A the top and bottom and also the height
mathematical proof of this is given in the Appendix at the end of ~ ©f the frustum, can we compute the
this lesson.) height of the original pyramid from

which it was cut out?

The volume of the prism is the product of its base area and height. ook at the triangle got by slicing the
So, what can we say about the volume of the pyramid? whole pyramid vertically through the
apex:

Fill the pyramid with sand and pour it into the prism. We would

The volume of a square pyramid is a third of the
product of its base area and height

For example, the volume of a square pyramid of base edge
10 centimetres and height 8 centimetres is

2
L %107 x 8 = 266~ cu.cm. E
3 3 b
Look at this problem: From the two similar triangles in this
Each edge of a metal cube is 15 centimetres. It is melted and recast ~ figure, we find
into a square pyramid of base edge 25 centimetres. What would b 7ot
. . b x
be its height?
gh from which we get
The volume of the cube is 15° cubic centimetres. %
=
b-a

Canyou fill in the details?

103
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Volume of a frustum

There is an ancient Egyptian papyrus,
dated around BC 1850, in the Pushkin
Museum at Moscow. The fourteenth
problem in this is to find the volume
of a frustum of a square pyramid. Its
two square faces are said to have
lengths 2 and 4 and the height 6.

The method of computing the volume,
given in the papyrus is like this:
Adding the squares of 4 and 2 and twice
4 gives 28; multiplying this by a third of
6, we get 56. This is the volume of the
frustum
Let’s look at this using algebra, taking
a and b for the sides of the squares
at the top and bottom, and # for the
height. Taking the height of the original
pyramid, from which the frustum was
cut out as x, its volume would be

% b?x and the volume of the smaller

pyramid cut out would be

% *(x — h). So that the volume of

ol R G
the frustum is ;(b =@l (= A

In this, we have already seen that
bh
R
Using this in the expression above and
simplifying, we get the volume as

1
—h(b2 + ab + b2)
3

But this is precisely what the papyrus
says.

This is also the volume of the pyramid made. We know that the
volume of the pyramid is a third of the product of its height and
base area. Since the base area of the pyramid is given to be 252

15
— and

square centimetres, we can find a third of the height as T

then the height as

15°
3 x 55 = 16.2 cm

Now you can try some problems:

o What is the volume of a square pyramid of base edge 10
centimetres and slant height 15 centimetres?

o In two square pyramids of the same volume, the base edge of
one is half the base edge of the other. How many times the height
of the pyramid with larger base is the height of the other?

¢ The base edges of two square pyramids are in the ratio 1 : 2 and
their heights are in the ratio 1 : 3. The volume of'the first pyramid
is 180 cubic centimetres. What is the volume of the second?

Cones

Like cylinders, which can be thought of as prisms with circular base,
we have solids like these, which can be thought of as pyramids with
circular base.

Such asolid is called a cone.

Just as we can make a cylinder by rolling up a rectangle, we can
make a cone by rolling up a sector of a circle. (If we want a closed
cone, then we need another small circle also.)



In this, what’s the relation between the dimensions of the sector
rolled up and those of the cone made?

arc

The radius of the sector becomes the slant height of the cone; the
arc length of the sector becomes the base-circumference of the
cone.

We often specify the size of a sector in terms of its central angle.
See this problem:

A sector of central angle 45° is cut out from a circle of radius 12
centimetres, and it is rolled into a cone. What is the radius of the
base of this cone and what is its slant height?

The slant height of the cone is just the radius of the circle, which is
given to be 12 centimetres. What about the radius of the base?

.1
The central angle 45° is 3 of 360°; and the length of the arc of a
sector is proportional to the central angle. So, the arc length of this
sector is % of the circumference of the full circle.

The arc of the circle becomes the circumference of the base circle
of the cone. Thus the circumference of the base circle of the cone is

1 . . . .
3 the circumference of the large circle from which the sector is cut

Sectors and pyramids

We cannot make a cone by pasting
triangles around a circle, as we do
for pyramids; but we can make
pyramids by bending a sector as we
do for cones. See how we make a
square pyramid.

By dividing the sector into more
equal parts, can’t we make other
pyramids also?

<< Solids P
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Radius and slant height

Suppose a sector of radius R and
central angle a° is rolled into a cone.

Then the slant height of the cone is
R. To find the base-radius, note that
the arc-length of the sector is
3;;) % 27R
circumference of the base of the
cone. So, if we take the base-radius
of the cone as 7, then

and this is the

a
———x 2R
2mr 360X 7

and this gives

a
= x R
360

¥

On the other hand, suppose that a
cone of base-radius b and slant
height / is cut open and spread flat
as a sector.

The radius of the sector is /. And if
we take the central angle as x°, then
we get

L>< 2l =
360

and from this

x:£><360
!

out. Since the radius ofa circle is proportional to the circumference,

the radius of the small circle is é times the radius of the large circle.

. ] .
Thus the radius of the base of the cone is 3 12=1.5 centimetres.

How about a question in reverse?

How do we make a cone of base radius 5 centimetres and slant
height 15 centimetres?

To make a cone, we need a sector of a circle. Since the slant height
is to be 15 centimetres, the sector must be cut out from a circle of
radius 15 centimetres. What about its central angle?

The radius of the small circle forming the base of the cone is to be

El

The of the radius of the large circle from which the sector is to

W | —

‘ . . . 1
be cut out. So, the circumference of the small circle is also 3 of the
circumference of the large circle.

The circumference of the small circle is the arc length of the sector.

Thus the arc of the sector should be é of the circle from which it is

. 1
cut out. So, its central angle must be 360 x 3= 1200,
Now try these problems:

e What is the base-radius and slant height of the cone made by
rolling up a sector of radius 10 centimetres and central angle
60°?

o What is the central angle of the sector needed to make a cone of
base-radius 10 centimetres and slant height 25 centimetres?

e What is the ratio of the base-radius and slant height of a cone
made by rolling up a semicircle?

Curved surface area

Like a cylinder, a cone also has a curved surface; the slanted surface
rising up.



The area of this curved surface is the area of the sector used to
make the cone. (In the case of a cylinder also, the curved surface
area is the area of rectangle rolled up to make it, isn’t it?)

Look at this problem:

What is the area of the paper needed to make a conical hat of
base-radius 8 centimetres and slant height 30 centimetres?

What we need is the area of the circular sector needed to make
such a hat. Since the slant height is to be 30 centimetres, the sector
must be cut out from a circle of this radius.

Also, the radius of the small circle forming the base of the cone is to
. . 8 4 . .

be 8 centimetres; that is, 3015 of the radius of the large circle

from which the sector is to be cut out. So, the circumference of the

small circle is the same fraction of the circumference of the large

circle. But the circumference of the small circle is the arc-length of

the sector. ‘

4 . . . .
Thus the sector must be ] of the full circle. So, its area s also this

fraction of the area of the circle; that is

4
7t><302><E:7t><2><30><4:240‘rc

So, to make the hat, we need 240x square centimetres of paper.
(Doing further computations, we can get this as about 754 square
centimetres.)

As in a square pyramid, the seight of a cone is the perpendicular
distance from the apex to the base; and it is the distance between
the centre of the base-circle and the apex.

Curved surface area

The curved surface area of a cone
is the area of the sector used to make
it. If we take the base-radius of the
cone as r and the slant height as /,
then the radius of the sector is / and

¢ otk
its central angle is 6l

So, its area can be computed as

7 (7= e
—— x| =x 360 |x zl° = zrl
360 )

(Recall the computation of the area
of a sector, done in Class 9)

Thus the curved surface area of a
cone is half the product of the base
circumference and the slant height.
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Small and large

If we slice a cone parallel to its base,
we get a small cone from the top:

Is there any relation between the
dimensions of this small cone and the
original large cone?

If we denote the base-radius, height
and slant height of the large cone as
R H, L and those of the small cone
as ¥, h, [ then from the pictures
above, we can see that

v
L

=

J3
R

Again, as in a square pyramid, there is a relation between base-
radius, height and slant height in a cone also, effected by a right
angled triangle.

For example, in a cone of base-radius 5 centimetres and height 10

centimetres, the slant height is \/5* +10” = 5v/5 centimetres.
Now some problems for you:

e What is the curved surface area of a cone of base radius 12
centimetres and slant height 25 centimetres?

o What is the curved surface area of a cone of base diameter
30 centimetres and height 40 centimetres?

e A cone shaped firework is of base-diameter 10 centimetres
and height 12 centimetres. 10000 such fireworks are to be
wrapped in colour paper. The price of paper is 2 rupees per
square metre. What is the total cost of wrapping?

e Prove that for a cone made by bending a semicircle, the curved
surface area is double the base area.

Volume of a cone

Remember the experiment done to find out the volume of a square
pyramid? We can do a similar experiment with a cone and a cylinder
of the same base—radius and height. And see that the volume of the
cone is a third of the volume of the cylinder. That is

The volume of a cone is a third of the product of its
base area and height



(A mathematical proof of this also is given in the Appendix at the
end of the lesson.)

For example, the volume of a cone with base-radius 4 centimetres
and height 6 centimetres is

1
3 x T x42x 6 =32xn cu.cm.

The problems below are for you:

* The base-radius of a cylindrical block of wood is 15 centimetres
and its height is 40 centimetres. What is the volume of the largest
cone that can be carved out from this?

* A solid metal cylinder is of base-radius 12 centimetres and height
20 centimeters. By melting and recasting, how many cones of
base-radius 4 centimetres and height 5 centimetres can be made?

* A sector of central angle 216° is cut out from a circle of radius
25 centimetres and it is rolled up into a cone. What is the base-
radius and height of this cone? What is its volume?

* The ratio of the base-radii of two cones is 3 : 5 and their heights
are in the ratio 2 : 3. What is the ratio of their volumes?

* Two cones have the same volume and their base - radii are in
the ratio 4 : 5. What is the ratio of their heights?

Spheres
We have watched with thrill the soaring flight of a football or a
cricket balls and tasted with relish small round sweets like laddus.

Now let’s look at the mathematics of such round things little or
large, called spheres.

If we slice a cylinder or cone parallel to its base, we get acircle. In
whatever way we slice a sphere, we get a circle.

o

Frustum of a cone

Suppose we slice a cone parallel to
its base and cut off a small cone from
the top. The part remaining at the
bottom is called a frustum of a cone.

If we know the radii of the top and
bottom circles of such a frustum and
also its slant height, can we compute
its curved surface area?

If the slant heights of the original
large cone and the small cone cut off
are denoted L and /, then d=L - /in
the figure above. So, the curved
surface area of the frustum is

nRL — nrl = w(RL—rl)
n(R(+ d) — rl)
(Rl + Rd— rl)

Also, we have seen earlier that

ris/ : : ;
i which gives R/ = rL. Using
this, the expression for the curved
surface area becomes
w(rL + Rd— rly=n{HL - ) + Rd)

= n(rd + Rd)

=n(r+ R)d
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Frustum and cylinder

As we have seen, the curved surface
area of the frustum shown below is
n(r + R)d

Let’s denote by x, the radius of the
circle at the middle, as shown in the
figure below:

"

Let’s draw one more line as shown

below:

From the two similar right angled
triangles on the right, we get

Simplifying this, we get

1
S 5(R+r)

So, the curved surface area of the
frustum is 2nxd.

But this is the curved surface area
of the cylinder with base-radius x and
height d, isn’t it?

The distance of any point on a circle from the centre of the circle is
the same, isn’t it? A sphere also has a centre; and the distance of
any point on the sphere from this centre is the same. This distance is
called the radius of the sphere and double the radius is called its
diameter.

If we cut a sphere into two identical halves, we get acircle; and the
centre, radius and diameter of this circle are the centre, radius and
diameter of the sphere.

We cannot cut open a sphere and spread it flat to compute its area,
as with other solids. The fact is that we cannot cut and spread outa
sphere without some folds or without some stretching.

But we can prove that the surface area of a sphere of radius r is
4n7? . (This is given in the Appendix at the end of this lesson.)

In other words,
The surface area of a sphere is the product of

the square of its radius by 4n .

Also, we can prove that the volume of a sphere of radius 7 is g— .
(This also is given in the Appendix.)
Let’s look at some examples:

» What is the surface area of the largest sphere that can be carved
out from a cube of side 8 centimetres?



\/

From the pictures above, we see that the diameter of the sphere

is the length of an edge of the cube. So, the surface area of the
sphere is

4dnx4*= 647 sq.cm.
Let's look at another problem

* A solid sphere of radius 12 centimetres is cut into two equal
halves. What is the surface area of the hemisphere so got?

The surface of a hemisphere consists of half the surface of the sphere
and a circle.

Since the radius of the sphere is 12 centimetres, its surface area is
4dnx 122 = 576m sq.cm

The surface area of the hemisphere is half of this added to the area
of the circle. Since the radius of the circle is also 12 centimetres, its
areais

T x 12* = 144n sq.cm.

Thus, the surface area of the hemisphere is

3 % 576 + 144n=432n sq.em.

Sphere and cylinder

Consider a cylinder which just covers
a sphere:

The base-radius of the cylinder is the
radius of the sphere and the height
of the cylinder is the diameter of the
sphere.

That is, if we denote the radius of
the sphere by 7, then the base - radius
of the cylinder is also » and the height
of the cylinder is 2r. So, the surface
area of the cylinder is

2nrx2r)+ (2 x nr) = 6112

The surface area of the sphere is
47r2. Thus the ratio of these surface
areasis 3 : 2

Again, the volume of the cylinder is
X 2r =27

and the volume of the sphere is

L 3
T So, the ratio of the volumes

isalso3:2.

Thus we see that ratio of the surface
areas and the ratio of the volumes of
a sphere and the cylinder which just
covers it, are both equal to 3 : 2.
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Archimedes

It was the great Archimedes who
discovered the fact that a sphere and
the cylinder just covering it has the
ratio 3 : 2 for surface areas and
volumes. It is said that this idea was
so dear to him that he asked for this
to be engraved on his tomb.

We have seen in Class 8, the story
of Archimedes’s defence of his home
country Syracuse against the
invading Roman army. The Romans
did conquer Syracuse in BC 212. A
soldier, whose name no one
remembers, killed Archimedes.

About a hundred and fifty years later,
the Roman scholar Cicero,
discovered Archimedes’s tomb.
What helped him was the sight of a
stone cylinder and sphere rising
above thorns and bush. As an act of
penitence, Cicero had the area
cleared and paid his respects to one
of the greatest scientists ever.

One more example:

A water tank is in the shape of a hemisphere attached to the
bottom of a cylinder. Its radius is 1.5 metres and total height is
2.5 metres. How many litres of water can it contain?

@&, »

2.5 m

The volume of the hemispherical part of the tank is

2
3 X 1.5*=2.25r cu.m

and the volume of the cylindrical part is
nx 1.5%(2.5 - 1.5) =2.25nt cu.m
So, the total volume of the tank is
2251+ 225 =451~ 14.13 cu.m

Since a cubic metre is 1000 litres, the tank can contain about 14130
litres.

Now some problems for you:

» The volumes of two spheres are in the ratio 27 : 64. What is the



ratio of their radii?

A metal cylinder of base-radius 4 centimetres and height 10
centimetres is melted and recast into spheres of radius 2
centimetres. How many such spheres are got?

» The picture below shows a petrol tank.

How many litres does it hold?

Catch-all

The formulas to compute the
volumes of prisms, pyramids and
sphere are all different, aren’t they?
But there is a single formula which
works for all these.

Let b be the area of the bottom, m
be the area at the middle, ¢ be the
area at the top and 4 be the height of
any of these kinds of solids. Then the
volume is

éh(b+4m+t)

For prisms, the area at the bottom,
middle and top are all the same; that
isb=m=t.

A b
h b
|

So, by this formula, the volume of
a prism is

“h(b+4b+b)==hx6b=bh
What about pyramids? It is not

difficult to see that m = i— bandr=0

A
; b
Y

So, the volume of a pyramid is

L hbebr0)=~hx2b=—bh
6 6 3
Now what about a sphere? If we
take the radius as », then m = nr?,
b=t=0,h=2r ,
2 ey
So, the volume is

1 4
. X 2r x 4nrt = gmj
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Appendix

In the lesson, we have mentioned only the techniques of finding the volume of pyramids and cones, as
also the surface area and volume of spheres. For those who are interested in knowing how these
formulas are actually got, we give below the proofs.

Volume of a square pyramid

We can think of a stack of square plates of decreasing size as an approximation to a square pyramid.

So, as we do this, the sum of the volumes of these plates give better and better approximations to the
volume of the pyramid.

To start with, suppose we use 10 plates. Each plate is a short square prism. Let’s take them to be of
equal height. So, if the height of the pyramid we are trying to approximate is /1, then the height of each

plate is 11_0 h. Now how do we find the base-edge of each plate?

If we slice the pyramid and the enveloping plates vertically through the apex, we get a figure like this:

Starting from the top, we have a sequence of isosceles triangles of increasing size. Their heights increase



at the rate of ok for each plate. These triangles are all similar (why?) and so their bases also increase

at the same rate. Thus if we take the base-edge of the pyramid as b, the bases of the triangles, starting

at the top, are — b, Eb .b

So, the volumes of these plates are

2 2
LoV Ltn (6] xLn pxtn
10°) "0 10°) "0 10

What about their sum?

1, (1 2 9 10’ 1
—bh —+—+.A—+— | = —bh(1P+ 22 +3 4. +10?
10 [102 10 10 10° ) 1000 ( )

We have seen how such sums can be computed in the section Sum of squares of the lesson Arithmetic
Sequence.

|
12+22+32+"-+102:E x10x(10+Dx2x10+1)

So, the sum of the volumes is

—bhx—x10x11x21=—bh — E 2 bh><11><21
1000 6 10 10 10 6

Now imagine of 100 such plates. (We cannot draw it anyway.)

2 3

—h; the base-edges become g 2 2y , and the sum of

The thickness of the plates become 1002 100 T00

100
the volumes would be

b h( 2+2% +3 +...+1002) =

1003 100°

_ L2, 100 101 201
6 100 100 100

~Lpx1.01x2.01
6
What if the number of plates is made 1000? Without actually computing, we can see that it is
%bzhxl.OOI x2.001

What is the number to which these numbers get closer and closer?

It is the volume of the pyramid. That is,

L hix2= Lo
6 3

115
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Volume of a cone

Just as we stacked square plates to approximate a pyramid, we can stack circular plates to approximate
acone.

And in much the same way, we can compute the volume of the cone also. (Try!)

Surface area of a sphere

First consider a circle through the middle of the sphere and a polygon which just contains it. (In more
mathematical language, our circle is the incircle of the polygon.)

In the figure above, the solid covering the sphere can be divided into two frustums of cones and a
cylinder in the middle.




As the number of sides of the polygon covering the circle increases, the solid generated by rotation
approximates the sphere better.

To find the surface area of these frustums, let’s consider one of them separately. Let’s take the radius of
its middle circle as m and its height as 4. If we also take the radius of the sphere as # and the length of
aside of the covering polygon as a, we get a figure like this, showing all these:

Since the two right angled triangles in it are similar, we get

~ |3

Q| >

from which we get
am= rh

The surface area of the frustum got by rotating this is 2nma, as seen in the section, Frustum and
cylinder. Using the equation above, we see that this also equal to 2rr#; that is the curved surface area
of a cylinder with base - radius » and height 4.

So, what do we find? In the solid approximating the sphere, the surface area of each frustum is equal to
the surface area of a cylinder with the same height and base-radius equal to that of the sphere. So, the
surface area of this solid is the sum of the surface areas of all these cylinders. And what do we get on
putting together all these cylinders? A large cylinder that just covers the sphere.
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As the number of sides of the covering polygon circle increases, it becomes more and more circle like;
and the solid got by rotation becomes more and more sphere like. As seen just now, the surface area of
any such shape is equal to the surface area of the cylinder just covering the sphere. So, the surface area
of the sphere is also equal to the surface area of the enveloping cylinder. Since the base-radius of the
cylinder is » and its height is 27, its surface area is

2n x ¥ x 2r = 4mr?
and this is the surface area of the sphere also.

Volume of a sphere

See this picture:

The sphere is divided into cells by means
)

.\ ofhorizontal and vertical circles. If we

| join the corners of such a cell with the

}’ centre of the sphere, we get a pyramid
like solid.

The sphere is the combination of these solids and so the volume of the sphere is the sum of the volumes
of these solids. Now if we change each of these cells into an actual square which touches the sphere,
then we get a solid which just covers the sphere; and this solid is made up of actual square pyramids. All
these pyramids have height equal to the radius r of the sphere. If we take the base area of each such

. : .1 . . .
pyramid as a, then its volume is sar. The volume of the solid covering the sphere is the sum of the

volumes of these pyramids. The bases of all the pyramids together make up the surface of this solid. So,

. ) . ) .1
if we take the surface area of this solid as s, then its volume is 3.

As the size of the cells decreases and their number increases, the solid covering the sphere gets closer
to the sphere; and its surface area s to the surface area of the sphere, which is 4n#2. Thus the volume
of the sphere is

1 4
3% durtx p = S
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Pictures and numbers

See the picture below.

We have drawn such pictures in Class 9 (see the section Drawing
Polygons, of the lesson Polygons).

How do you make a copy of this picture?

First draw a 10 centimetre square; then draw lines across and down,
1 centimetre apart, and thus divide it into small squares. What next?

Let’s first draw the rthombus at the top. For this, we must mark its
four vertices. Where do we put the left vertex?

It is at a point where a line across and a line down meet. Which
lines?

Rows and columns

From things arranged in rows and
columns, how do we indicate a thing
at a specific position? For example,
from the books in a shelf, we can say
that the one we want is, “the one in
the third row from the bottom, fifth
from the left”, or something similar.

See this picture:

How do we indicate the position of
the red dot in this?

We can say, “the dot in the second
row from the bottom, fourth from the
left”. Any other ways of specifying
this position?
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Position in a table

A table consists of cells arranged in
rows and columns. How do we
specify a certain cell?

Aren’t you familiar with spreadsheet
programs such as Open Office
Calc? How do you specify cells in a
spreadsheet?

L e e

o8l LEE TS A B
& = v - A4 A x|

fu B =1
T T =t =11 3

The rows of the table are indicated
by the numbers 1,2,3 ,.. on the left,
running from the top to the bottom;
and the columns are indicated by the
letters A, B, C, ... at the top, running
left to right. Using these two, we can
specify any cell.

For example, in the picture above, the
number 100 is in the cell F6.

The line 4 centimetres to the right from the left of the large square
and the line 8 centimetres up from its bottom.

10 l I ‘

l

| |
L1 ||
I 2 3 4 5 6 7 8 9 10
Similarly, we can specify the positions of the other vertices, in terms
of the distances from the left and the bottom of the large square.
For convenience of reference, let’s write these numbers alongside
the points.

|
|
|
8 — i -4, 8)—® - -9(10, 8)

Now we can draw the rhombus. Moreover, we can easily tell the
others where to draw it.

Likewise, how do we specify the vertices of the trapezium in the
first picture?

Its bottom-left corner is on the left line itself. Let’s indicate this line
and the bottom line of the square as 0 (Why?)



So, how do we write the bottom-left vertex of our trapezium? What
about its other vertices?

What numbers give the vertices of the triangle in the picture?

10
T 1

.9 |

Chess positions

, 8yl
|

A% ® Have you noticed how the positions

. 7) on the board are specified in
descriptions of chess matches?
5 4 ' Y r— 7 57 % g
" e Xy 1] 1Y
74 7% 2 7 %

Z,

Y % 07 /%/

2,6 @6

(=2}

\\
\
A\

(0, 0)

7[:‘\7\‘\
B>\

SER
0‘)"[}’>§§

Now make a new grid like this and draw the figures listed below;

also indicate the positions of their vertices using numbers as done  The rows are named with numbers
above: and the columns with letters, as

) ) shown above.
* anon-isosceles triangle

* aparallelogram whichis notarhombus ISEReG S B RS
* anon-isosceles trapezium
* apentagon
» ahexagon

More on numbers and pictures

From the middle of a rectangle 8 centimetres wide and 4 centimetres

high, we want to cut out a rectangle 4 centimetres wide and 2
centimetres high.

— N W A WL N N o

The position of the White King is el
and the position of the Black King is
e3. The Black Rook is at al.

4 cm
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Computer pictures

There’s a simple program called
KTurtle in Gnu/Linux which helps us
to draw geometrical shapes with a
computer. It is done by specifying
positions on the screen in terms of
numbers.

Oue fponen i (et @om -0 Q
o .

i:?%!-ii_:ﬁ-:g:-. s

l

L T T

The left pane in the picture shows
the code used to draw the picture in
the right pane.

With a little effort, complex diagrams
can also be drawn with it.

Bogin (bl o] ira T Cobemn 17 PO St

<m

4 cm

4 cm

8 cm

We first mark the vertices of the rectangle to be cut out in the large
rectangle.

Since the small rectangle is to be right in the middle of the large
rectangle, its left and right sides must be at the same distance from
the left and right sides of the large rectangle; the same goes for the
top and bottom sides.

At what distance?

Let's mark distances along the left and bottom lines of the large
rectangles, one centimetre apart.

Now how do we mark the bottom-left corner of the rectangle to be
cutoft?
4

2 cm
(2, 1)

o
8

0 l 2 3 4 5 6 7 8

We can mark the other vertices also like this.



(2:3) (6, 3)

2, 1) (6, 1)

0

0o 1 23 4 s 6 7 8
Now we can draw the rectangle and cut it out.

We can think about this in a slightly different way. The left and right
sides of the rectangle to be cut out are 2 centimetres to the left and
right of the centre of the large rectangle; its top and bottom are 1
centimetre up and down this point.

4 cm

2 cm 2 cm

lem |1 ¢m

To specify the vertices of the small rectangle in this manner, let's
draw a pair of lines across and down the large rectangle, through its
centre. To distinguish between left-right and up-down directions,
we write distances towards the left and distances down as negative
numbers. (Remember how we marked the positions of numbers on
the number line?)

—L

How do we specify with respect to these lines, the vertices of the
rectangle to be cut out?

Typesetting
Computers are now extensively used
in typesetting—that is, the design of
pages to be printed, specifying where
in the page each letter or picture
should be placed.

A language used for this purpose is
PostScript. It uses numbers to
specify the various locations in a
printed page.
Let’s look at an example. Use some
text editor such as gedit in Gnu/
Linux and type the lines below:
newpath
2020 moveto
4020 lineto
40 40 lineto
2040 lineto
closepath
fill
showpage
This is a sample of the PostScript
language. To see what has been
drawn, we can use a program such
as gv. Save the file as test.ps and
then run the command

gv test.ps
in a terminal. A small black square
at the bottom left of a white screen
will be displayed.
The number pairs used in this code
are all distances from the left and
bottom sides of the page. Distances
are measured in point, which is the
usual unit in printing. One point is
about 0.035 centimetres.
In most DTP applications, PostScript
works invisibly in the background.
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Colours and numbers

In a computer, not only positions on
the screen, but the colours used are
also specified by numbers. Various
colours are produced by mixing
different amounts of the basic
colours red, green and blue.

This can be easily understood using
the application Gcolor2 in GNU/
Linux.

By first clicking on the tool | # | and

then clicking on any part of the
screen, we get the RGB values of
the colour at that point.

ey 2,0

-2, -1) 2-1

Now write the points to be marked for cutting out the figures shown
below, using measurements from the centre of the rectangle, as done
in the last example above.

8 cm

8 cm



Positions and numbers

We have seen some examples of how the positions of certain points
in a plane can be specified by means of a pair of numbers. What
does each pair of numbers represent?

The distances of the point from a pair of perpendicular lines, right?

See the figure below:

-7 -6 -5 -4 -3 -2-1 0 1 2 3 45 6 7

A pair of perpendicular lines, with distances from the point of
intersection marked along each. Positive and negative numbers are
used, to distinguish between right-left and up-down directions. The
markings need not be 1 centimetre apart; the only requirement is
that the distance between adjacent points should be the same
throughout. In other words, we can use any unit for measuring
distance. (We can think of these as two number lines drawn
perpendicular to each other and sharing a common zero.)

Using the distances from these lines, we can specify any point in the
plane.

A bit of history

The technique of specifying the
positions of points using numbers was
used as early as the second century
BC by the Greek mathematician
Appollonius, in his solution of certain
geometric problems. These numbers
were the distances of'the points from
some fixed lines.

. In the eleventh century AD, the

Persian mathematician and poet,
Omar Khayyam used the method of
representing number pairs as points
to convert certain algebraic problems
to geometry.

This relation between geometry and
algebra developed as a definite
branch of mathematics after the
French mathematician and
philosopher, Ren'e Descartes
published his “Geometry”, in the
seventeenth century.
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Geometryandafly

There’s an intersesting story told
about Descartes discovery of his
new method in geometry. Lying on
the bed and thinking, he notices a fly
crawling on the ceiling. He is hit by
the idea that to trace its path, he need
only know how its distances from
two adjacent walls change. And this
leads him to a method of reasoning
in geometry.

Whether this story is true or not, it is
a nice illustration of the fact that
using the distances from two
reference lines, we can indicate the
position of any point in the plane and
that geometric figures can be
described using such pairs of
numbers.

See this picture:

m

-7 -6 -5 -4 -3 -2-1 0

What are the number pairs of the points 4,B, C, D, E?

Take A. Draw perpendiculars from 4 to the reference lines.

2
1

p

-7 -6 -5 -4 -3 —2-10
-1

The perpendicular to the horizontal line meets it at the point marked
3, and the perpendicular to the vertical line meets at the point 4. So,
as before, we can denote the point 4 by the pair (3, 4) of numbers.



Now look at B.
7
6
E
3 A3, 4
4 *
3
7T G
Lt
7 6 -5 —4 -3 -2-10 12 3 45 6 7
b -1
¢ -2
c
-3
-4
-5
-6
-7

The perpendicular to the vertical line meets it exactly at the middle

. 3
of 1 and 2. So, we can write B as (6, 5 )

In the same way, we can also denote the remaining points C, D and

E by number pairs.

A3, 4)

B(6, 1.5)

D(-4, -2)
-3
-4
-5
-6
-7

3

Thus, using a pair of line perpendicular to each other and a suitable

unit for measuring length, we
means of pairs of numbers.

can denote every point in a plane by

Dividing the Earth

We use latitudes and longitudes to
locate places on the earth. What is
their meaning?

First let’s see how we place a grid
over the earth, as we did on squares
and rectangles.

The earth rotates; and in any rotating
sphere, there are two points which
don’t move. These are the poles and
the line joing them is the axis of
rotation. By a great circle on a
sphere, we mean a circle on the
sphere with the same centre as that
of the sphere. The great circle on the
earth equidistant from the poles is
the equator. Other circles on the
earth parallel to the equator are the
lines of latitudes. Great circles
through the poles are the lines of
longitudes (also called meridians).
Of'these, the one that passes through
Greenwhich village in England is the
prime meridian.

Thus we can imagine the grid of
latitudes and longitudes covering the
earth:
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Locations on the Earth

We saw how the earth is divided into
cells by the latitudes and the
longitudes. We use this to indicate any
position on the earth.

For this, we first suppose a line joining
the centre of the earth with a point
of intersection of the equator and the
Greenwhich meridian. For this point
to move to another latitude, it must
move north or south; and so the line
joining the point to the centre of the
earth must move up or down through
a certain angle. The latitudes are
specified in terms of these angles
(and also the adjectives north or
south). On the other hand, what if
our original point is to move to
another longitude? It must move east
or west; and the line should move left
or right through a certain angle. These
angles are the labels for the
longitudes.

We can specify any position on earth
using these angles.

The two reference lines are called the axes of coordinates; the
horizontal line is called the x-axis and the vertical line is called the
y-axis. The x-axis usually named XX and the y-axis, YY'. Their
point of intersection is called the origin and is usually named O.

We have seen the practice of drawing perpendiculars from a point
to the coordinate axes, to indicate its position. The pair of numbers
thus got are called the coordinates of the point; the first number is
called the x-coordinate and the second number is called the
y-coordinate.

v

For example, in the figure above, the x-coordinate of the point P is
-3 and the y-coordinate is 2.

Now some problems:

» What is the speciality of the y-coordinates of points on the
x-axis?

» What is the speciality of the x-coordinates of points on the
y-axis?

» What are the coordinates of the origin?



¢ Find the coordinates of the other three vertices of the rectangle

in the figure below. ,

4.3

. . .3 . ;
The unit of length used in this  centimetres. What is actual

width and height of this rectangle?

o In the figure below, ABCD is a rectangle with the origin O as its

centre and sides parallel to the axes.

A3, 2)

Y

What are the coordinates of B, C,D ?

Distance and direction

Instead of using the distances from
two perpendicular lines to specify
positions of points, we can use the
distance from a fixed point and the
angle made with a fixed line.

For this, take a point O and a line 4
through it:

0 A

Now for any point P in this plane,
we can specify its position by means
of the length OP and the angle POA.

PG, 40)
b

/"/'
A

0 A

How do we specify the position of
@ in this method?

300

0(2, 300)
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A little trigonometry

We draw a circle of radius 7 centred
at the origin, and take a point P on it,
as shown blelow:

Y

Taking ZPOX = t, what are the
coordinates of P?

Drawing the perpendicular PM from
P to the x-axis, we get the right angled
triangle POM.

From the figure, we see that

OM=rcost. PM=rsint

This means the coordinates of P are
(r cos t, r sin £).

What if ZPOX is a right angle or
larger?

* Inthe figure below, ABCD is a square. Find the coordinates of

B.C,D. ,

A(2, 0)

o What are the coordinates of the points 4 and B in the figure
below?

o With the axes of coordinates chosen along two adjacent sides
of a rectangle, two opposite vertices have coordinates (0, 0)
and (4, 3) . What are the coordinates of the other two vertices?



Parallels

We noted that all points on the x-axis have their y-coordinate 0; on
the other hand all points with their y-coordinate O are on the x-axis.
In other words, the x-axis can be described as the collection of all
points whose coordinates are of the form (x, 0).

Likewise, the y-axis is the collection of all points of the form (0, y).

©,3)
0,2

0. n

(-3,0) (-2,0) (-1,0) (0,00 (1,0 (2,0) (3,0
©, -1

(, -2

(0, -3)

What if we take some other number instead of 0?7 For example,
what about points of the form (x, 2)? All these are at a distance 2
(with respect to the unit of length chosen) from the x-axis. So, all
these are on the line parallel to the x- axis, at a distance 2 from it.

(-3,2) (-2,2) (-1,2) (0q2) (L, 2) (2,2) (3,2)

(-3,0) (-2,0) (-1, 00 (0/0) (1,0 (2,00 (3,0)

Some more trigonometry

See this figure:

i
It can be directly seen from the figure

itself that the x-coordinate of P is
r cos(180 —r) and its y-coordinate is
rsin(180 — ).

Also, ¢ is an angle between 90 and
180, and we have defined

cos (180 — 1) = —cos ¢
sin (180 —¢) =sin ¢

in the lesson Trigonometry. So, here
also, the coordinates of P are
(+cos ¢, +sin £)
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Trigonometry through circles
See this figure:

\I
=
/

s
o
=l : ) ,
\ /
i

P(x, hy)ih_

Here we can see that the coordinates
of P are (—r cos u, —r sin u); also
u =1t — 180. So, if we define, cos
(180 + 1) = —cos u and sin (180 + u)
= —sin u, then the coordinates of P
would be (¥ cos (180 + u), #sin (180
+ u)); and thus the coordinates of P
would be (¥ cos ¢, ¥ sin ) in this case
also.

What about the figure below?

X \ 0:- If.
\\w*"&P(/x,y)
¥

Here, the coordinates of P are
(r cos v, —r sin v) and v = 360 — .
So, if we define cos(360 —v)=cos v
and sin(360 — v) = —sinv, then
the cordinates of P would be
(r cos ¢, ¥ sin £) in this case also.

In short, we extend the definitions of
sin # and cos ¢ in such a way that the
coordinates of P on the circle centred
at O with radius 7 is (» cos ¢,  sin £),
where ¢ is the central angle of the
arc from the x-axis to P, however
large ¢ be.

And all points with y-coordinate 2 are on this line.

What about the collection of points of the form (2, y)?

(0, 3) 2,3)

(0, 2) @2, 2)

0, D 2, b

= ~0, 0 €2, 0y
(©, -1) @2, -1

0, -2) 2, -2)

(©, -3) 2, -3)

In short, whatever number we take, the collection of all points of
the form (x, a) is the line parallel to the x-axis, at a distance a from
it; and the collection of all points of the form (, y) is the line parallel
to the y-axis, at a distance a from it.

In one sense, all these are number lines. We use labels like (x, a) or
(a,y) to denote the points instead of single numbers like x or y.

So then, a question: what’s the distance between (1, 2) and (3, 2)?
What about the distance between (1, 2) and (-3, 2)?

As ina number line, we need only subtract the smaller x-coordinate
from the larger, right?

In short, to find the distance between (x,, @) and (x,, a), we need
only subtract the smaller of x, x,, from the larger; in algebraic
language, the distance is |x, -x,|.

Similarly, to find the distance between (a, y,) and (a, y,), we need
only subtract the smaller of y,, y,, from the larger; in algebraic

language, the distance is |y, ~ y,|.
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In the figure, the sides of the rectangle ABCD and PORS are parallel
to the axes. Find the coordinates of the vertices of all the rectangles
init. "

Rectangles

Look at this figure:
Y
3
(1, 2) 6
x X
v

We want to draw a rectangle like this, with sides parallel to the
axes. What should be the coordinates of the other three vertices?

All points on the bottom side of the rectangle would be of the form
(x,2) (why?) Among these, the bottom-right corner of the rectangle
is 6 units away from (1, 2). So, what are its coordinates?

Without circles

What is the sin and cos of the angle
t in the figure below?

Y

(1’ _2)
Y

We can imagine a circle through
(1, -2), centred at the origin:

(1, -2)

We can see from the figure that the
radius of the circle must be

VI +22 =45
So, by definition

1 2

cost=$ sin ¢ = "\/g

<< Coordinates 3J
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Coordinates and anglcs

We saw how the trigonometric
measures of angles of any size are
defined. How do we find them for
angles larger than 180°7

First we draw a line through the
origin, making this angle with the
X-axis:

We then choose a point on this line
and find its coordinates and its
distance from the origin:

Y
Ly
b o\ Y
(x )
y
Then by definition,
X w
vt 24 st
t ¥

We can also see that

tan f = X
X

Thus to find the tan measure, we
need only the coordinates.

Likewise, what can we say about the general form of the points on
the left side of the rectangle? Among these, what are the coordinates

of the top-left corner of the rectangle?
Y

(1, 5)

(1,2) 6 (7,2)

2 . X

X ¥

Finally, what about the fourth vertex?

We can think along different lines. Since this point is on the right
side of the rectangle, its x-coordinate is 7 (why?) and since it is on
the top side of the rectangle also, its y-coordinate is 5.

Y

(1, 5) (7, 5)

(1, 2) 6 (7,2

¥
(What are the other ways of getting this?)

Some rectangles are shown below. The width and height of each is
shown; also the coordinate of one vertex with respect to a pair of
axes (not shown) parallel to the sides. Find the coordinates of the
other vertices.

@, 1 5 5 2, 1)



2,0 @,

5 5
Now look at this rectangle;
6, %)

(1, 3)
It also has its axes parallel to the axes of coordinates. Can you find
out the coordinates of the other vertices?

First let’s consider the bottom-right corner. This vertex is on the
right side of the rectangle; this side is parallel to the y-axis; one
point on it is (6, 5). So, the x-coordinate of the point we seek is
also 6.

What about the y-coordinate?

The bottom side is parallel to the x-axis and a point on itis (1, 3).
So, the y-coordinate of the bottom-right vertex is also 3.
(6, 5)

1, 3) 6, 3)
Similarly, can’t we find the top-left vertex also?

(1, 5) (6, 5)

(1, 3) 6, 3)

Now what are the lengths of the sides of this rectangle?

Here’s another rectangle with sides parallel to the axes:

(-1, 2)

@, -D
Can you find the other vertices? And the lengths of sides?

Can we have a rectangle with any two given points as opposite
vertices and sides parallel to the axes?

Lines and points

Can you say how much angle # is in
the figure below?

(1, D

Yy

By what we have seen carlier,

ttll
anf= - =
1

So,
t=45°

We would get the same angle, if we
take (2, 2) instead of (1, 1), isn’t it
so? How about (3, 3)?

So what do we see here? The points
(1,1),(2,2),(3, 3),...areall on the
same line.

(3, 3)
2, 2)

(LD

Have we seen this before? Take
another look at the section, Geometry
of arithmetic sequence in the lesson,
Arithmetic Sequences.

<< Coordinates 33
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Another line

(1, 2)

Can you compute tan ¢ in the figure
above?

Suppose we extend this line.

1, 2)

Can you say the coordinates of a few
more points on this line?

The line joining these points should not be parallel to either axis,
anyhow; that is, their x-coordinates should be different and so must
be their y-coordinates.

For example, let’s take (-2, 3) and (6, 5). What are the positions
of'these points?

(6, 5)
(—2., 3)
What are the other vertices of the rectangle?
(-2, 3) 6, 5)
(-2, 3) (6, 3)
How about (=2, 3) and (6, 1)?
(-2,3)
GRS
2. 3) (6. 3)

(-2, 1) 6, 1)

The coordinates of some pairs of points are given below. Without
drawing the axes of coordinates, mark these points with the left-
right, up-down positions correct. Draw rectangles with these as
opposite vertices. Find the coordinates of the other two vertices
and the lengths of the sides of these rectangles:

* (3,5),(7,8) . (-3,5),(-7,1)
* (6,2),(5,4) . (-1,-2),(-5,-4)



