The Math Behind TrueSkill

Abstract

¢ KA& LI LISNI | CobpgudnglvofirA S&. .
SkilE log post at moserware.com. It contains b
selectedportionsfrom my papernotebookthat I ;. ;7= e
kept on myseveralmonth journey tounderstand T ;
the TrueSkill algorithnThis paper isvoefully
incomplete, but hopefullys better than nothing.

Most math papers error on the side of being too -
terse with derivationsthis approach makes it ;
sometimeshard to follow howthe author got

from step to step. In this papertdok the

opposite approach andrred on the side of being
explicit at the expense of using extra space. ‘

| created a general ordefO2 y OSLJia Ay GKAA LI LIS NEnd asdau see fitdzQ NB

Prerequisites
This paper assumes that you have had some exposure to math thtbeglhalculudevel In addition, it
helps if you have had exposure with matrices and statistics.

| tried to help with some prerequisites by adding hyljpess to refreshers on the basics (mainly to
Wikipedia entries).

Version

This paper was last edited &28/2011. | will plan to update it as needed based on questions or further

researchFeel free to send in suggestions for updates.
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Notation

Symbol Meaning
B O Cumulative distribution functiorepresented by the Greek lettdy
(phi). This is typically the area under the distribution curve from
negative infinity to x.

“ agh, Normal distributiorwith mean‘ and standard deviation qf. The
varianceis .¢ KA a4 RAAGNAROdziA2Yy Aa | f
RAAGNRAOdzOA2Y D€

‘ Themean also known as the expected value d®d a G NA& 6 dz(
represented by the Greek letter
“ (mu).
" Thestandard deviatiorof a probabilitydistribution. This gives an
ARSEF F2NJK2g FINFLING al YLX §
Ffa2 NBEFTSNNBR (2 Fa GKS aalLINF
» (sigma).
SSs Thedeterminant of the matrix.
Theinverseof the matrix.
f Thetransposeof the matrix.
T - ¢KS AYyGSaANIEt 2F | FdzyOGA2y 06§
. e think of an integral as generic way of multiplyingThe presence of
* this in this papeproves that alculus is actually useful in real life
Aoe The exponential functiof . It is the basic rate of growth for things
that grow continuously
0 ® ThemarginalINR 6 F 6 Af AGe GKIG a- €& GA
oprobability mass functiabhfor discrete e#ents(ones you can count)
C2NJ O2y (A ydz dza @rbbabify deRsityfuBictid-¢ t
2SS dzaS |y dzZLIISNOF&asS até gKSy
GKSY a-¢ A& O2y(Aydz2dza o
0 050 Theconditional probabilit2 ¥ G KS S@Syd a9é¢ 3
has occurred.
0 0 "0 ¢CKS LINPOoFOAfAGE 2F GKIG GKS §
Vo N ¢ K$ ANB LINE ladiatar Bundiioki¥ou can effectively ignore

this detail and just focus on the bit inside the braces.
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Bernoulli Trials

| wrote about flipping a coiin the blog postis ameans of building up to probabilidistributions | was
technicallyreferring toBernoulli trialdeading to éinomial distributon. An outcomein a Bernoulli trial

can be a success or a failuBonceptually fiyou did an infinite numbe2 ¥ G NRA I f &Y &2 dzQf f I N
Gaussiamlistribution.!

Because a fair coin is expected to have a 50% chance of getting either side, we arbitrarily pick heads to
be adsuccessand tails to be a@failure TheLIN2 6 | 0 A f A ( &headsk y 3 & Vifl divirBypithis] &
formula:
€ \
ol PN
where .
€ EA
N A& QA
Ad GKS oAYy2YAlLf O2STFAOASYy(d (GKFG A& NBIFIR a4 aGKS

aAT S WyQé 2N Aditoballygwhérg’p =0 & 8 thdicite 4 50% chance of heads.
Thelast important thing is that th@ariance of a binomial distribution is:

eEnp n
This implies that the standard deviation is:
enp 1
In the post, | impliedvithout proofthat the standard deviation of taking the count of heads after 1000
flips was about 16. This was derived as:

enp N pmnit® p ™M Wqump&@&p po

'Loare aO02yO0SLidzrtfeé o0SOIdzasS GKAA Aa NRdAzZAKf & sKFG &2 dC
continuous whereas my bar chart histograms shaywutcomes were not because they had spaces between each
discrete sample. The rough idea is there though if you imagine that the gap between each sample shrinks to zero.
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Gaussian Distributon } ABE8A8 O. 1 Of Al $EOOOEAOOQEI]
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For a single dimension, the value of thermal distributioncurve at a given point (e.g. the probability
density) is given by this equation:

. s p _
y ‘TQ
Qg VIC“ ”
And in higher dimensions:
C @ 2 i2q-ont oH
cu — s s

Here, is a matrix whose diagonal values are the variances and D is the number of dimensions. Notice
that if D is one, you get the simplified equation above.

13 YSYdA2ySR Ay (iKS alGaussibaihighs Nidensionsi(DE2 i6 it cade)f S 2 F



Note that the color of the 2D plot below it indicates the taller parts of the plot, indicating stronger
probabilities.

For the curious, | created the 3D image ugBigU Plotith the following commands:

setpm3d atb

set ticslevel 0.4

set isosample 40,40

splot 1*exp( -(.1*(x -0)*(x -0)+2*0*(x -0)*(y -0)+.1*(y -0)*(y -0)))

Standard Normal Distribution
One interesting observatioftom the Wikipedia pagés:

[Alny other normal distribution can be regarded as a version of the standard normal distribution that has
been stretched horizontally by a factoand then translated rightward by a distanee Thus> specifies
GKS LRaAlGA2Y 27F (K&d AIISIOATENIAS @K SO SWRNIGIK ¢ LIRIF] T K S

Representing a Gaussian Using Precision and Precision Adjusted Mean
As mentioned on page 5 of the TrueSkillpa(l®¥ A G Qa a2YSGAYSa Y2NB 02y @SyaA
Gaussianbit KS G LINBOA&AAZ2YE | yR (KS &GLINBOA&AZ2Y | Radza (SR
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http://en.wikipedia.org/wiki/Normal_distribution

Precision

Precision is just the inverse of the variance. It is represented by the Greek'letidrich is somewhat
unfortunate because it could be confused with the math constant that is approximatiely 3.
Specifically:

Precision Adjusted Mean
The precision adjusted mean is simply the precision multiplied by the mean. It is represented by the
Greek lettert. Specifically:

tD

Example
¢2 388 gKe AdGQa O2y Dok a Buyhiplicafich of GauSsiansINShPoth mehsds. f S Q

First, from theMultiplying Gaussiansection in theAppendix: Fun Stuff with Gaussiamg find

Asyoucan$Sz AGQ& Iy AYLINBa
O2RS® Wdza i (2 LINROGS AGQ

QX
>
S D
-

AYLE ATAOFGAZY I yR A
R ¢S OFy @OSNATFTE A

Qx¢
—
> Qx

CANRGE tSG0Qa OSNATe (GKS LINBOAAAZ2YY

LT ¢S adzoadAiddziS GKAA AyXZ ¢SQtft 200Gl AYY



X YR S 4SS (KIFG ¢S KI @S LINRPGBSYy (GKS SldzZfAadeod

Precision adjusted mean is a little harder:

” ” n N ”— (- noon ”n N

Multiplying both sides:

lyR 2y0OS 3FtAys 68SQ@8S LINR@SYy SlddtAraded LGQA

little substitution trick.

For conpleteness:

Y I

A



The proof is similar to the one above.

Partial Update
A partial update is when we only apply a percentage of the full update. This is achieved by representing
I LI I @ SN & péetistoh dnd pregision &dNdtedl meaf that we defined earlier.

e GKIG GKS ¢NHMS{1Afft ftI2NARGKY (Stfa dza

QX
[N

[ SGQa
“1 Ab A x

b2¢s tSGQa aadzyS GKIG AyadSFkR 2% Wecanpidesdmé dzLIRI (S
Gl fdzS 0SG6SSY m: YR mnmg: (G2 RSy20S K2g Yda¥K 2F |

Now we define the partial update function:
0 d1 0" QOaTYT O QD i A T Ax “Ti B A0 Ax Tiia
Thus, a partial update adds only a percentage of the full update.

UsingMaximato do the grunt work, we can transform this back into the normal form of a Gaussian
using mean and standard deviation:

. R N o p n‘lh ‘IHAAX
»AEOA B I D AOADAETA - -
(I) p p Cq,| i A w p ni AX
nl A x wi 1 A w1 A
And
c WA TTIT A A TTAWGTIA T PuTAx TANTIA
W P.TAx QjiA W P.iAx QijiAa

The equations in traditional form look much more complicated, but if you look closely, you can sort of
see how the percentage multiplier affects the outcome. If nothing else, look how the 0% and 100% cases

simplify.

Paired Comparisons

Page 1 of the Trueflkpaper(1) briefly mentionsThustone Case V and Bradi&erry pairwise

O2YLI NRaz2yaod L ¢2y Qi 3F2 Ayidi2 RSGFIAfAa KSNB SAGKSNE
Case V and how it was developadhe 19Dsin the context of how children compare the severity of

crimes.
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Elo Curves

Arpad Elo originally used a Gaussian distribution, but the chess folks found that a logistic curve fits real
RIFEGEF o0SGGSNI 6OFYR AGQa SIFAASNYy& 2 NBIRANT ordzh fal 68y i 2 &°
math libraries).

l1a @2dz Oy 4SS Ay GKS | 002YLIyeAy3d &a2dz2NDOS O02RSz
curve is used.

The difference can be seen:

0.4

0.3

0.2 /-\ Logistic

wl AN
e R

Elo Skill Update
The first page of the TrueSKill) paper shows the I& equations of:

. y [
vn Adh B —
W

Leading to an update equation of:

_ o p i
G Uct

It seems clearthatthe i LJ NI O2YSa FTNRBY (KS FIFO0G GKIFIG 6SQNB F
Gaussian curve®\@ding and Subtracting Gaussiptisat have the same standard deviation whiwill

lead to a combined standard deviationlddf . By dividng out th#icf , we get a standard normal
leading to a traditional cumulative distribution functich.¥ F SOG A @St ex Al Qa GStfAy3
deviations away from the mean.
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LT &2 dzOQING2 diilzNA R 8z3a SITAY B X2 NBETENB SdNJ G KIFd Ad OF YS

convolution of two Gaussians that have the sdam&tandard deviation:

See theAdding and Subtracting Gaussiaegtion in the appendix for more details.

K-Factor
The most curious part | found abotlte Eloupdateequationis the presence of thg* . This comes from
approximating the cumulative distribution function in the region ef standad deviation by a straight
line:

N S ‘

(0] - :h (0]

B < e p p

Thereasoningh & G KI G @2dz aK2dzZ Ry Qi LJX | & akag WoBgoi®the S& 2y R
linearized approximation is oR{ou can visually see that thisasiseasonabldinear approximation under
these conditions

1.4 1
I

1.2
|

1 i
|

0.8 |
:

0.6 i — 1)
! Linearized
|
1

l'a YSYGA2ySR Ay U KfSctotopdatéssas tkeSalnka Qadue dhanges fiiok) S2606:
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Max Change in Ratings (K)

0 1 1 1 1 1
0% 5% 10% 15% 20% 25%

Impact of Latest Game (a)

Note that typical values fdr are between 5% and 10% leading to-fabtor of approximately 10 to 30.
The higher your chess ranking, the less likely you want to risk it fluctuating much. For this reason, games
with grandmasters typically have a smalleand therefore a smaller-Kactor.

Elo Example
Ly GKS LRadGz L daSR Fy SEIFYLXS 2F LXLeAy3d I o6S3Ay

My new score:

pC T3

PP chnmﬂﬂﬂ
G Ut

pcmg

CmTm

. T
Tt — —
PoTTG S 5 Ngtg mm

PCTTPR T @
PP T
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PPYC

Likewise,th®d SIAY Y SNRAa NI dAy3I g2dz R y26 06SY

pTITIT3

PP pUMPCNN

Mt
g < S

¢mTm

prmmig s
G Mctg mm

. P
pinm i p B —
1(S

PIMTP&TQ
pPT@Y @
pTIp Y

Beta (1 ): The Skill Class Width

o ro

7o

20%:80% 20%:80%, 20%:80%

B

20%:80%

Worst Player Best Player

In (2), TrueSkill canventor Ralf Herbriclyives a good definiton ofr & RSFAYAy3 (GKS f Sy 3i
OK Il Ay ®¢ has #Fwide radgke of &kills, therwill tell you how wide each link is in the skill chain.
This can also be thought of hamide (in terms o&kill pointg each skill class

Similiarlyj tells us the number of skill points a person must have above someone else to identify an
80% probability of win against that person.

Forexample,fAd n GKSyYy I LXF&@SNJ!ftA0S 6AGK | &ttt 2F &
GHcé FLIIINBEAYIFGSte ymx: 2F GKS GAYSO

Tau (z): The Additive Dynamics Factor

Without = G KS ¢NHS{ {Aff Ff3IA2NRGKY ¢2dzZ R ,)tdrmstb ghiink O dza S
and therefore become more certain about a playBefore skill updateare calculated, we add ih to

GKS LI IF8SNRAVA|TRKX & O WA dzNDS DK G G KS FhrahterNS G Ay a
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determines how easy it will be for a player to move up and down a leaderboard. A lavdetend to
cause more wlatility of player positions.

TrueSkill Default Values
As mentioned on page 8 of the TrueSkill pafdgrthe initial values for a player are:

13 e c U
G b, 5
This leads to an initial TrueSKill ( o, ) of zero.
The defaultvalues for a game are:
i Rt L
S prm

This leads to reasonable dynamics, but you might need to adjust as needed.

Calculating a Leaderboard

One of the most important aspects of ranking is displaying a leaderboard. As mentioned on page 8 of
the Trueskill papel1), one way of doing this is to compute the conservative skill estimate for each
player (the TrueSkill) 6f o, then sort by that.

Draw Margin
The draw margin is discussed on page 6 of the TrueSkill pEp&Ye see it listed as

AOAx POI AR AELESU — —
PREEPY S e S e °
Since the rest of the TrueSkill equations require that we know the draw mapginS Qf f ai@ ft @S T2 NJ
terms of the draw probability){ ) and the inverse cumulative distribution functi¢p ):

N
L N
0 pB -
C_ VE T
5 P ‘
[S Ve €1
Y P
- B -

15



This equation is used inside the sourc®R® F2NJ O2 Y LIziAy 3 GKS RNI ¢ YINHAY
probability.

Bayesian Probability
Bayesian probability begins with the definition of conditional probability:

00 'O 0 0800 O

CKAA YSItya (KIFIGdG GKS LINRPOFOATAGRARFI® 20K @D&E INRSHY
200dz2NNBR Ydzf AL ASR 06é& (GKS LINPoloAfAGE 2F ace¢ 200

Note that we could have just as easily written this as:
0O, 'O 0'®DL O
Setting these two equal, we get:
00000 0O O 0'QDVLO
0 000 O 0 @OV O
Rearranging terms we get:

0 'QO0 O

0

0 ‘0O$0O

O| ca

This is known as Bayes formula. The authdBpputs it this way:
I .EEA] EEGHIAO

AOGEAAT AA
That is, our new belief (the posterio) fK S LINRP ol oA f AGe 2F a9¢ 3IAGBSYy GKI G
LINE RdzOG 2F (GKS fA]1StAK22R 2F 20aSNWAYy3 acCé¢ 3IABSY
2T a9¢ 200dzNNRA Yy I Leg. rRaksGdNdveiything/samédio g divileSut BykHe y 3 &
GSOARSY OS¢ 6KAOK A& UKS LINRPoloAfAGeE 2F acé¢ 2 00dzNN.

Pl O06A

The fundamental idea is that the Bayesian approach multipliéelihood by a prior to obtain a
posterior.

Visual Explanation: 3D
Here isan exampleof what things look like iBD:

16



Prior

Likelihood

Posterior

Visual Explanation: 2D
Here is the samexamplein 2D:
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Prior

Likelihood:

Posterior

Bayesian Example 1: Probability of Cancer
What is the probability that you actually have breaahcer ¢ ) given thatyour mammogram test
indicates you have cancéiY)? That is, we want to know 6 SY .
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