
The Math Behind TrueSkill  

Abstract  
¢Ƙƛǎ ǇŀǇŜǊ ŀŎŎƻƳǇŀƴƛŜǎ Ƴȅ άComputing Your 

Skillέ ōlog post at moserware.com. It contains 

selected portions from my paper notebook that I 

kept on my several-month journey to understand 

the TrueSkill algorithm. This paper is woefully 

incomplete, but hopefully is better than nothing. 

Most math papers error on the side of being too 

terse with derivations; this approach makes it 

sometimes hard to follow how the author got 

from step to step. In this paper, I took the 

opposite approach and erred on the side of being 

explicit at the expense of using extra space. 

I created a general order of ŎƻƴŎŜǇǘǎ ƛƴ ǘƘƛǎ ǇŀǇŜǊΣ ōǳǘ ȅƻǳΩǊŜ ǿŜƭŎƻƳŜ ǘƻ ǎƪƛǇ ŀround as you see fit. 

Prerequisites  
This paper assumes that you have had some exposure to math through the calculus level. In addition, it 

helps if you have had exposure with matrices and statistics.  

I tried to help with some prerequisites by adding hyperlinks to refreshers on the basics (mainly to 

Wikipedia entries). 

Version  
This paper was last edited on 5/ 28/2011. I will plan to update it as needed based on questions or further 

research. Feel free to send in suggestions for updates. 

Author & License 

 

© Copyright 2010, Jeff Moser <jeff@moserware.com>   
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Notation  
Symbol Meaning 

ɮØ Cumulative distribution function represented by the Greek letter ɮ 
(phi). This is typically the area under the distribution curve from 
negative infinity to x. 

ﬞ ὼȿ‘ȟ„  Normal distribution with mean ‘ and standard deviation of „. The 
variance is „ . ¢Ƙƛǎ ŘƛǎǘǊƛōǳǘƛƻƴ ƛǎ ŀƭǎƻ ƪƴƻǿƴ ŀǎ ŀ άDŀǳǎǎƛŀƴ 
ŘƛǎǘǊƛōǳǘƛƻƴΦέ 

‘ The mean, also known as the expected value of a ŘƛǎǘǊƛōǳǘƛƻƴΦ LǘΩǎ 
represented by the Greek letter  
‘ (mu). 

„ The standard deviation of a probability distribution. This gives an 
ƛŘŜŀ ŦƻǊ Ƙƻǿ ŦŀǊ ŀǇŀǊǘ ǎŀƳǇƭŜǎ ŀǊŜ ǎǇǊŜŀŘ ŀǇŀǊǘΦ CƻǊ ǘƘƛǎ ǊŜŀǎƻƴΣ ƛǘΩǎ 
ŀƭǎƻ ǊŜŦŜǊǊŜŘ ǘƻ ŀǎ ǘƘŜ άǎǇǊŜŀŘΦέ LǘΩǎ ǊŜǇǊŜǎŜƴǘŜŘ ōȅ ǘƘŜ DǊŜŜƪ ƭŜǘǘŜǊ  
„ (sigma). 

ȿȿ The determinant of the  matrix. 

 The inverse of the  matrix. 
ἢ The transpose of the  matrix. 

█●▀●
╫

╪

 
¢ƘŜ ƛƴǘŜƎǊŀƭ ƻŦ ŀ ŦǳƴŎǘƛƻƴ ōŜǘǿŜŜƴ άŀέ ŀƴŘ άōΦέ L ŦƛƴŘ ƛǘ ƘŜƭǇŦǳƭ ǘƻ 
think of an integral as a generic way of multiplying. The presence of 
this in this paper proves that calculus is actually useful in real life J 

ÅØÐØ The exponential function Ὡ . It is the basic rate of growth for things 
that grow continuously.  

ὖὢ  
 

The marginal ǇǊƻōŀōƛƭƛǘȅ ǘƘŀǘ ά·έ ǿƛƭƭ ƻŎŎǳǊΦ ¢Ƙƛǎ ƛǎ ŀƭǎƻ ƪƴƻǿƴ ŀǎ ǘƘŜ 
άprobability mass functionέ for discrete events (ones you can count). 
CƻǊ Ŏƻƴǘƛƴǳƻǳǎ ǾŀƭǳŜǎΣ ǿŜ Ŏŀƭƭ ƛǘ ǘƘŜ άprobability density functionΦέ 
²Ŝ ǳǎŜ ŀƴ ǳǇǇŜǊŎŀǎŜ άtέ ǿƘŜƴ · ƛǎ ŘƛǎŎǊŜǘŜ ŀƴŘ ŀ ƭƻǿŜǊŎŀǎŜ άǇέ 
ǿƘŜƴ ά·έ ƛǎ ŎƻƴǘƛƴǳƻǳǎΦ 

ὖὉȿὊ The conditional probability ƻŦ ǘƘŜ ŜǾŜƴǘ ά9έ ƻŎŎǳǊǊƛƴƎ ƎƛǾŜƴ ǘƘŀǘ άCέ 
has occurred. 

ὖὉ᷊Ὂ ¢ƘŜ ǇǊƻōŀōƛƭƛǘȅ ƻŦ ǘƘŀǘ ǘƘŜ ŜǾŜƴǘǎ ά9έ ŀƴŘ άCέ ǿƛƭƭ ōƻǘƘ ƻŎŎǳǊΦ 

ὸ ὴ ὴ  ¢ƘŜ άέ ǊŜǇǊŜǎŜƴǘǎ ǘƘŜ Indicator Function. You can effectively ignore 
this detail and just focus on the bit inside the braces.  

 
  

http://en.wikipedia.org/wiki/Cumulative_distribution_function
http://en.wikipedia.org/wiki/Normal_distribution
http://en.wikipedia.org/wiki/Mean
http://en.wikipedia.org/wiki/Standard_deviation
http://en.wikipedia.org/wiki/Determinant
http://en.wikipedia.org/wiki/Invertible_matrix
http://en.wikipedia.org/wiki/Transpose
http://betterexplained.com/articles/a-calculus-analogy-integrals-as-multiplication/
http://betterexplained.com/articles/an-intuitive-guide-to-exponential-functions-e/
http://betterexplained.com/articles/an-intuitive-guide-to-exponential-functions-e/
http://en.wikipedia.org/wiki/Marginal_distribution
http://en.wikipedia.org/wiki/Probability_mass_function
http://en.wikipedia.org/wiki/Probability_density_function
http://en.wikipedia.org/wiki/Conditional_probability
http://en.wikipedia.org/wiki/Indicator_function
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Bernoulli Trials  
I wrote about flipping a coin in the blog post as a means of building up to probability distributions. I was 

technically referring to Bernoulli trials leading to a binomial distribution. An outcome in a Bernoulli trial 

can be a success or a failure. Conceptually, if you did an infinite number ƻŦ ǘǊƛŀƭǎΣ ȅƻǳΩƭƭ ŀǊǊƛǾŜ ŀǘ ŀ 

Gaussian distribution.1 

Because a fair coin is expected to have a 50% chance of getting either side, we arbitrarily pick heads to 

be a άsuccessέ and tails to be a άfailure.έ The ǇǊƻōŀōƛƭƛǘȅ ƻŦ ƎŜǘǘƛƴƎ άƪέ heads ƛƴ άƴέ ǘǊƛŀƭǎ is given by this 

formula: 

ὲ

Ὧ
ὴ ρ ὴ  

where 
ὲ

Ὧ
 

ὲȦ

ὯȦὲ ὯȦ
 

ƛǎ ǘƘŜ ōƛƴƻƳƛŀƭ ŎƻŜŦŦƛŎƛŜƴǘ ǘƘŀǘ ƛǎ ǊŜŀŘ ŀǎ άǘƘŜ ƴǳƳōŜǊ ƻŦ ǿŀȅǎ ƻŦ ŎƘƻƻǎƛƴƎ ΨƪΩ ƛǘŜƳǎ ŦǊƻƳ ŀ ǇƻǇǳƭŀǘƛƻƴ ƻŦ 
ǎƛȊŜ ΨƴΩέ ƻǊ ǎƛƳǇƭȅ άƴ ŎƘƻƻǎŜ ƪΦέ Additionally, where p = 0.5 to indicate a 50% chance of heads. 
The last important thing is that the variance of a binomial distribution is: 

ὲὴρ ὴ 

This implies that the standard deviation is: 

ὲὴρ ὴ 

In the post, I implied without proof that the standard deviation of a taking the count of heads after 1000 

flips was about 16. This was derived as: 

ὲὴρ ὴ  ρȟπππẗπȢυρ πȢυ  ЍςυπρυȢψρ ρφ  

                                                           

1
 L ǎŀȅ άŎƻƴŎŜǇǘǳŀƭƭȅέ ōŜŎŀǳǎŜ ǘƘƛǎ ƛǎ ǊƻǳƎƘƭȅ ǿƘŀǘ ȅƻǳΩŘ ǎŜŜΦ LǘΩǎ ƛƳǇƻǊǘŀƴǘ ǘƻ ǊŜŀƭƛȊŜ ǘƘŀǘ Dŀǳǎǎƛŀƴǎ ŀǊŜ 

continuous whereas my bar chart histograms showing outcomes were not because they had spaces between each 
discrete sample. The rough idea is there though if you imagine that the gap between each sample shrinks to zero. 

http://en.wikipedia.org/wiki/Bernoulli_trial
http://en.wikipedia.org/wiki/Binomial_distribution
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Gaussian Distribution  ɉÁȢËȢÁȢ Ȱ.ÏÒÍÁÌ $ÉÓÔÒÉÂÕÔÉÏÎȱ ÏÒ Ȱ"ÅÌÌ #ÕÒÖÅȱɊ 

 

For a single dimension, the value of the normal distribution curve at a given point (e.g. the probability 

density) is given by this equation: 

ﬞ ὼȿ‘ȟ„  
ρ

Ѝς“„
Ὡ  

And in higher dimensions: 

ﬞ ØȿⱧȟ
ρ

ς“
ẗ
ρ

ȿȿ
Ὡ ØⱧ4 ØⱧ 

Here,  is a matrix whose diagonal values are the variances and D is the number of dimensions. Notice 

that if D is one, you get the simplified equation above.  

!ǎ ƳŜƴǘƛƻƴŜŘ ƛƴ ǘƘŜ ǇƻǎǘΣ ƘŜǊŜΩǎ ŀƴ ŜȄŀƳǇƭŜ ƻŦ a Gaussian in higher dimensions (D=2 in this case): 
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Note that the color of the 2D plot below it indicates the taller parts of the plot, indicating stronger 

probabilities. 

For the curious, I created the 3D image using GNU Plot with the following commands: 

 

set pm3d at b  

set ticslevel 0.4  

set isosample 40,40  

splot 1*exp( - (.1*(x - 0)*(x - 0) + 2 * 0*(x - 0)*(y - 0) + .1*(y - 0)*(y - 0)))  

Standard Normal Distribution  
One interesting observation from the Wikipedia page is: 

[A]ny other normal distribution can be regarded as a version of the standard normal distribution that has 

been stretched horizontally by a factor ̀  and then translated rightward by a distance ˃ . Thus, ˃ specifies 

ǘƘŜ Ǉƻǎƛǘƛƻƴ ƻŦ ǘƘŜ ōŜƭƭ ŎǳǊǾŜΩǎ ŎŜƴǘǊŀƭ ǇŜŀƪΣ and ̀  ǎǇŜŎƛŦƛŜǎ ǘƘŜ άǿƛŘǘƘέ ƻŦ ǘƘŜ ōŜƭƭ ŎǳǊǾŜΦ 

Representing a Gaussian Using Precision and Precision Adjusted Mean  
As mentioned on page 5 of the TrueSkill paper (1)Σ ƛǘΩǎ ǎƻƳŜǘƛƳŜǎ ƳƻǊŜ ŎƻƴǾŜƴƛŜƴǘ ǘƻ ǊŜǇǊŜǎŜƴǘ ŀ 

Gaussian by ǘƘŜ άǇǊŜŎƛǎƛƻƴέ ŀƴŘ ǘƘŜ άǇǊŜŎƛǎƛƻƴ ŀŘƧǳǎǘŜŘ ƳŜŀƴΦέ 

http://www.gnuplot.info/
http://en.wikipedia.org/wiki/Normal_distribution
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Precision  
Precision is just the inverse of the variance. It is represented by the Greek letter “, which is somewhat 

unfortunate because it could be confused with the math constant that is approximately 3.14. 

Specifically: 

“Ḋ„  
ρ

„
 

Precision Adjusted Mean  
The precision adjusted mean is simply the precision multiplied by the mean. It is represented by the 

Greek letter †. Specifically: 

†Ḋ“‘ 

Example 
¢ƻ ǎŜŜ ǿƘȅ ƛǘΩǎ ŎƻƴǾŜƴƛŜƴǘ ǘƻ ǳǎŜ ǇǊŜŎƛǎƛƻƴΣ ƭŜǘΩǎ look at multiplication of Gaussians using both methods.  

First, from the Multiplying Gaussians section in the Appendix: Fun Stuff with Gaussians, we find: 

ﬞ ‘ȟ„ ẗﬞ ‘ȟ„ ﬞ
‘„ ‘„

„ „
ȟ
„„

„ „
 

Using precision, this is simply: 

ﬞ “ȟ† ẗﬞ “ȟ† ﬞ “ “ȟ† †  

 

As you can sŜŜΣ ƛǘΩǎ ŀƴ ƛƳǇǊŜǎǎƛǾŜ ǎƛƳǇƭƛŦƛŎŀǘƛƻƴ ŀƴŘ ƛǘΩǎ ǘƘŜ ǊŜŀǎƻƴ ǿƘȅ ǘƘƛǎ ǊŜǇǊŜǎŜƴǘŀǘƛƻƴ ƛǎ ǳǎŜŘ ƛƴ ǘƘŜ 

ŎƻŘŜΦ Wǳǎǘ ǘƻ ǇǊƻǾŜ ƛǘΩǎ ǾŀƭƛŘΣ ǿŜ Ŏŀƴ ǾŜǊƛŦȅ ƛǘ ǉǳƛŎƪƭȅΦ 

 

CƛǊǎǘΣ ƭŜǘΩǎ ǾŜǊƛŦȅ ǘƘŜ ǇǊŜŎƛǎƛƻƴΥ 

“ “  
ρ

„

ρ

„

ρ

„
 

In the Appendix: Fun Stuff with Gaussians, we derive this: 

„
„„

„ „
 

LŦ ǿŜ ǎǳōǎǘƛǘǳǘŜ ǘƘƛǎ ƛƴΣ ǿŜΩƭƭ ƻōǘŀƛƴΥ 
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ρ

„

ρ

„

ρ

„„

„ „

„ „

„„
 

To prove that this is valid, simply multiply both sides by „„ : 

„„
ρ

„

ρ

„
„„

„ „

„„
 

„„

„

„„

„
„„

„ „

„„
 

„ „ „ „  

Χ ŀƴŘ ǿŜ ǎŜŜ ǘƘŀǘ ǿŜ ƘŀǾŜ ǇǊƻǾŜƴ ǘƘŜ ŜǉǳŀƭƛǘȅΦ 

Precision adjusted mean is a little harder: 

† †  
‘

„

‘

„

‘

„
 

Substituting both the mean a variance values we proved in the Appendix: Fun Stuff with Gaussians: 

‘

„

‘

„

‘„ ‘„

„ „
 

„„

„ „

‘„ ‘„

„ „
 ẗ
„ „

„„

‘„ ‘„

„„
 

Multiplying both sides: 

„„
‘

„

‘

„
„„

‘„ ‘„

„„
 

„„‘

„

„„‘

„
‘„ ‘„  

„‘ „‘ ‘„ ‘„  

!ƴŘ ƻƴŎŜ ŀƎŀƛƴΣ ǿŜΩǾŜ ǇǊƻǾŜƴ ŜǉǳŀƭƛǘȅΦ LǘΩǎ ŀƳŀȊƛƴƎ Ƙƻǿ ǎƛƳǇƭŜ ƳǳƭǘƛǇƭƛŎŀǘƛƻƴ ŀƴŘ ŘƛǾƛǎƛƻƴ ŀǊŜ ǳǎƛƴƎ ǘƘƛǎ 

little substitution trick. 

 

For completeness: 
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ﬞ “ȟ†

ﬞ “ȟ†
ﬞ “ “ȟ† †  

 

The proof is similar to the one above. 

Partial Update  
A partial update is when we only apply a percentage of the full update. This is achieved by representing 

ŀ ǇƭŀȅŜǊΩǎ ǎƪƛƭƭ ƛƴ ǘŜǊƳǎ ƻŦ precision and precision adjusted mean that we defined earlier. 

[ŜǘΩǎ ǎŀȅ ǘƘŀǘ ǘƘŜ ¢ǊǳŜ{ƪƛƭƭ ŀƭƎƻǊƛǘƘƳ ǘŜƭƭǎ ǳǎ ǘƘŀǘ ŀ ǇƭŀȅŜǊΩǎ ƴŜǿ Ŧǳƭƭ ǎƪƛƭƭ ǳǇŘŀǘŜ ǎƘƻǳƭŘ ōŜΥ 

ﬞ “ÎÅ×ȟ†ÎÅ× 

bƻǿΣ ƭŜǘΩǎ ŀǎǎǳƳŜ ǘƘŀǘ ƛƴǎǘŜŀŘ ƻŦ ŀ άŦǳƭƭέ ǳǇŘŀǘŜΣ ǿŜ Ƨǳǎǘ ǿŀƴǘ ŀ άǇŀǊǘƛŀƭέ ǳǇŘŀǘe. We can pick some 

ǾŀƭǳŜ ōŜǘǿŜŜƴ л҈ ŀƴŘ млл҈ ǘƻ ŘŜƴƻǘŜ Ƙƻǿ ƳǳŎƘ ƻŦ ŀƴ ǳǇŘŀǘŜ ǿŜ ǿŀƴǘΦ ²ŜΩƭƭ Ŏŀƭƭ ǘƘŀǘ ǇŜǊŎŜƴǘŀƎŜ άὥΦέ  

Now we define the partial update function: 

ὖὥὶὸὭὥὰὟὴὨὥὸὩﬞ “ÎÅ×ȟ†ÎÅ×ȟὥ ﬞ “ÏÌÄὥ“ÎÅ× “ÏÌÄȟ†ÏÌÄὥ†ÎÅ× †ÏÌÄ 

Thus, a partial update adds only a percentage of the full update. 

Using Maxima to do the grunt work, we can transform this back into the normal form of a Gaussian 

using mean and standard deviation: 

„ÁÆÔÅÒ ÐÁÒÔÉÁÌ ÕÐÄÁÔÅ

ρ

ὥ
ρ
„ÎÅ×

ρ
„ÏÌÄ

ρ
„ÏÌÄ

„ÏÌÄ„ÎÅ×

ὥ„ÏÌÄ  ὥ ρ„ÎÅ×
  

And 

‘
ὥ‘ÏÌÄ ‘ÏÌÄ„ÎÅ× ‘ÎÅ×ὥ„ÏÌÄ

ὥ ρ„ÎÅ× ὥ„ÏÌÄ

‘ÏÌÄὥ  ρ„ÎÅ× ‘ÎÅ×ὥ„ÏÌÄ
ὥ ρ„ÎÅ× ὥ„ÏÌÄ

 

The equations in traditional form look much more complicated, but if you look closely, you can sort of 

see how the percentage multiplier affects the outcome. If nothing else, look how the 0% and 100% cases 

simplify.  

Paired Comparisons  
Page 1 of the TrueSkill paper (1) briefly mentions Thurstone Case V and Bradley-Terry pairwise 

ŎƻƳǇŀǊƛǎƻƴǎΦ L ǿƻƴΩǘ Ǝƻ ƛƴǘƻ ŘŜǘŀƛƭǎ ƘŜǊŜ ŜƛǘƘŜǊΣ ōǳǘ ƛǘΩǎ ƛƴǘŜǊŜǎǘƛƴƎ ǘƻ ǊŜǎŜŀǊŎƘ ǘƘƛǎΣ ŜǎǇŜŎƛŀƭƭȅ ¢ƘǳǊǎǘƻƴŜ 

Case V and how it was developed in the 1920s in the context of how children compare the severity of 

crimes. 

http://maxima.sourceforge.net/
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Elo Curves 
Arpad Elo originally used a Gaussian distribution, but the chess folks found that a logistic curve fits real 

Řŀǘŀ ōŜǘǘŜǊ όŀƴŘ ƛǘΩǎ ŜŀǎƛŜǊ ǘƻ ǇǊƻƎǊŀƳ ŀǎ ǿŜƭƭ ǎƛƴŎŜ Dŀǳǎǎƛŀƴ ŦǳƴŎǘƛƻƴǎ ŀǊŜƴΩǘ ōǳƛƭǘ ƛƴǘƻ Ƴƻǎǘ ǎǘŀƴŘŀǊŘ 

math libraries).  

!ǎ ȅƻǳ Ŏŀƴ ǎŜŜ ƛƴ ǘƘŜ ŀŎŎƻƳǇŀƴȅƛƴƎ ǎƻǳǊŎŜ ŎƻŘŜΣ ǘƘŜ ŎƻƴŎŜǇǘǎ ŀǊŜ ƛŘŜƴǘƛŎŀƭΤ ƛǘΩǎ Ƨǳǎǘ ǘƘŀǘ ŀ ŘƛŦŦŜǊŜƴǘ 

curve is used. 

The difference can be seen: 

 

Elo Skill Update  
The first page of the TrueSkill (1) paper shows the Elo equations of: 
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Leading to an update equation of: 
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It seems clear that the ί ί ǇŀǊǘ ŎƻƳŜǎ ŦǊƻƳ ǘƘŜ ŦŀŎǘ ǘƘŀǘ ǿŜΩǊŜ ŘŜŀƭƛƴƎ ǿƛǘƘ ǘƘŜ ǎǳōǘǊŀŎǘƛƻƴ ƻŦ ǘǿƻ 

Gaussian curves (Adding and Subtracting Gaussians) that have the same standard deviation which will 

lead to a combined standard deviation of Ѝς‍. By dividng out the Ѝς‍, we get a standard normal 

leading to a traditional cumulative distribution function. 9ŦŦŜŎǘƛǾŜƭȅΣ ƛǘΩǎ ǘŜƭƭƛƴƎ ǳǎ Ƙƻǿ Ƴŀƴȅ ǎǘŀƴŘŀǊŘ 

deviations away from the mean. 
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LŦ ȅƻǳΩǊŜ ŎǳǊƛƻǳǎ ŀōƻǳǘ ǘƘŜ ǎŜŜƳƛƴƎƭȅ ƻōǎŎǳǊŜ άЍς‍έ ōƛǘΣ ǊŜƳŜƳōŜǊ ǘƘŀǘ ƛǘ ŎŀƳŜ ŦǊƻƳ ǘƘŜ ǎǳōǘǊŀŎǘƛƻƴ 

convolution of two Gaussians that have the same ‍ standard deviation:  

„ṧ „ „  

‍ ‍  

ς‍  

Ѝς‍ 

 

See the Adding and Subtracting Gaussians section in the appendix for more details. 

K-Factor  
The most curious part I found about the Elo update equation is the presence of the Ѝ“. This comes from 

approximating the cumulative distribution function in the region of +-1 standard deviation by a straight 

line: 

ɮὸ
ρ

ς

ὸ

Ѝς“
ȟ ρ ὸ ρ 

 The reasoning ƛǎ ǘƘŀǘ ȅƻǳ ǎƘƻǳƭŘƴΩǘ Ǉƭŀȅ ǎƻƳŜƻƴŜ ōŜȅƻƴŘ ŀ ǎǘŀƴŘŀǊŘ ŘŜǾƛŀǘƛƻƴ away from you, so the 

linearized approximation is ok. You can visually see that this is a reasonable linear approximation under 

these conditions: 

 

!ǎ ƳŜƴǘƛƻƴŜŘ ƛƴ ǘƘŜ ǇƻǎǘΣ ƘŜǊŜΩǎ Ƙƻǿ ǘƘŜ Y-factor updates as the alpha value changes from 0% to 25%: 

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

-2
-1

.8
-1

.6
-1

.4
-1

.2 -1
-0

.8
-0

.6
-0

.4
-0

.2 0
0

.2
0

.4
0

.6
0

.8 1
1

.2
1

.4
1

.6
1

.8 2

˒όt)

Linearized



13 
 

 

Note that typical values for h are between 5% and 10% leading to a K-factor of approximately 10 to 30. 

The higher your chess ranking, the less likely you want to risk it fluctuating much. For this reason, games 

with grandmasters typically have a smaller ʰ and therefore a smaller K-factor. 

Elo Example 
Lƴ ǘƘŜ ǇƻǎǘΣ L ǳǎŜŘ ŀƴ ŜȄŀƳǇƭŜ ƻŦ ǇƭŀȅƛƴƎ ŀ ōŜƎƛƴƴŜǊΦ IŜǊŜΩǎ Ƙƻǿ ǘƘŜ ǾŀƭǳŜǎ ǿŜǊŜ ǳǇŘŀǘŜŘ. 

My new score: 
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ρρψς 

Likewise, the ōŜƎƛƴƴŜǊΩǎ ǊŀǘƛƴƎ ǿƻǳƭŘ ƴƻǿ ōŜΥ 
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ρπππρψȢςτφ 

ρπρψȢςτφ 

ρπρψ 

Beta (ɼ): The Skill Class Width  

 

In (2), TrueSkill co-inventor Ralf Herbrich gives a good definition of ̡ ŀǎ ŘŜŦƛƴƛƴƎ ǘƘŜ ƭŜƴƎǘƘ ƻŦ ǘƘŜ άǎƪƛƭƭ 

ŎƘŀƛƴΦέ LŦ ŀ ƎŀƳŜ has a wide range of skills, then  ̡will tell you how wide each link is in the skill chain. 

This can also be thought of how wide (in terms of skill points) each skill class. 

Similiarly, ̡  tells us the number of skill points a person must have above someone else to identify an 

80% probability of win against that person.  

For example, if ̡ ƛǎ п ǘƘŜƴ ŀ ǇƭŀȅŜǊ !ƭƛŎŜ ǿƛǘƘ ŀ ǎƪƛƭƭ ƻŦ άолέ ǿƛƭƭ ǘŜƴŘ ǘƻ ǿƛƴ ŀƎŀƛƴǎǘ .ƻō ǿƘƻ Ƙŀǎ ŀ ǎƪƛll of 

άнсέ ŀǇǇǊƻȄƛƳŀǘŜƭȅ ул҈ ƻŦ ǘƘŜ ǘƛƳŜΦ 

Tau (ʐ): The Additive Dynamics Factor  
Without ̱ Σ ǘƘŜ ¢ǊǳŜ{ƪƛƭƭ ŀƭƎƻǊƛǘƘƳ ǿƻǳƭŘ ŀƭǿŀȅǎ ŎŀǳǎŜ ǘƘŜ ǇƭŀȅŜǊΩǎ ǎǘŀƴŘŀǊŘ ŘŜǾƛŀǘƛƻƴ ό„) term to shrink 

and therefore become more certain about a player. Before skill updates are calculated, we add in † to 

ǘƘŜ ǇƭŀȅŜǊΩǎ ǎƪƛƭƭ ǾŀǊƛŀƴŎŜ ό„ύΦ ¢Ƙƛǎ ŜƴǎǳǊŜǎ ǘƘŀǘ ǘƘŜ ƎŀƳŜ ǊŜǘŀƛƴǎ άŘȅƴŀƳƛŎǎΦέ ¢Ƙŀǘ ƛǎΣ ǘƘŜ  ̱parameter 
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determines how easy it will be for a player to move up and down a leaderboard. A larger  ̱will tend to 

cause more volatility of player positions. 

TrueSkill Default Values  
As mentioned on page 8 of the TrueSkill paper (1), the initial values for a player are: 

‘ ςυȟ„
ςυ

σ
  

This leads to an initial TrueSkill (‘ σ„) of zero. 

The default values for a game are: 

‍
„

ς
ȟ†

„

ρππ
 

This leads to reasonable dynamics, but you might need to adjust as needed. 

Calculating a Leaderboard  
One of the most important aspects of ranking is displaying a leaderboard. As mentioned on page 8 of 

the TrueSkill paper (1), one way of doing this is to compute the conservative skill estimate for each 

player (the TrueSkill) of ‘ σ„ then sort by that. 

Draw Margin  
The draw margin is discussed on page 6 of the TrueSkill paper (1). We see it listed as 

ÄÒÁ× ÐÒÏÂÁÂÉÌÉÔÙ ɮ
‐

Ѝὲ ὲ ‍
ɮ

‐

Ѝὲ ὲ ‍
ςɮ

‐

Ѝὲ ὲ ‍
ρ 

Since the rest of the TrueSkill equations require that we know the draw margin (‐) ǿŜΩƭƭ ǎƻƭǾŜ ŦƻǊ ƛǘ in 

terms of the draw probability (ὖ ) and the inverse cumulative distribution function (ɮ ): 
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This equation is used inside the source coŘŜ ŦƻǊ ŎƻƳǇǳǘƛƴƎ ǘƘŜ ŘǊŀǿ ƳŀǊƎƛƴ ŦǊƻƳ ŀ ƎŀƳŜΩǎ ŘǊŀǿ 

probability. 

Bayesian Probability  
Bayesian probability begins with the definition of conditional probability: 

ὖὉ᷊Ὂ ὖὉȿὊὖὊ 

¢Ƙƛǎ ƳŜŀƴǎ ǘƘŀǘ ǘƘŜ ǇǊƻōŀōƛƭƛǘȅ ƻŦ ōƻǘƘ ά9έ ŀƴŘ άCέ ƻŎŎǳǊǊƛƴƎ ƛǎ ǘƘŜ ǇǊƻōŀōƛƭƛǘȅ ƻŦ ά9έ ƎƛǾŜƴ ǘƘŀǘ άCέ Ƙŀǎ 

ƻŎŎǳǊǊŜŘ ƳǳƭǘƛǇƭƛŜŘ ōȅ ǘƘŜ ǇǊƻōŀōƛƭƛǘȅ ƻŦ άCέ ƻŎŎǳǊǊƛƴƎΦ ¢Ƙƛǎ ƳŀƪŜǎ ƛƴǘǳƛǘƛǾŜ ǎŜƴǎŜΦ 

Note that we could have just as easily written this as: 

ὖὉ᷊Ὂ ὖὊȿὉὖὉ  

Setting these two equal, we get: 

ὖὉȿὊὖὊ ὖὉ᷊Ὂ  ὖὊȿὉὖὉ 

ὖὉȿὊὖὊ ὖὊȿὉὖὉ 

Rearranging terms we get: 

ὖὉȿὊ
ὖὊȿὉὖὉ

ὖὊ
 

This is known as Bayes formula. The author of (3) puts it this way: 

ÐÏÓÔÅÒÉÏÒ 
ÌÉËÅÌÉÈÏÏÄ ÐÒÉÏÒ

ÅÖÉÄÅÎÃÅ
 

That is, our new belief (the posterior) of ǘƘŜ ǇǊƻōŀōƛƭƛǘȅ ƻŦ ά9έ ƎƛǾŜƴ ǘƘŀǘ ǿŜΩǾŜ ƻōǎŜǊǾŜŘ άCέ ƛǎ ǘƘŜ 

ǇǊƻŘǳŎǘ ƻŦ ǘƘŜ ƭƛƪŜƭƛƘƻƻŘ ƻŦ ƻōǎŜǊǾƛƴƎ άCέ ƎƛǾŜƴ ǘƘŀǘ ά9έ Ƙŀǎ ōŜŜƴ ƻōǎŜǊǾŜŘ ƳǳƭǘƛǇƭƛŜŘ ōȅ ƻǳǊ ǇǊƛƻǊ ōŜƭƛŜŦ 

ƻŦ ά9έ ƻŎŎǳǊǊƛƴƎΦ Lƴ ƻǊŘŜǊ ǘƻ ƴƻǊƳŀƭƛȊŜ ǘƘƛƴƎǎ (e.g. make sure everything sums to 1), we divide out by the 

άŜǾƛŘŜƴŎŜέ ǿƘƛŎƘ ƛǎ ǘƘŜ ǇǊƻōŀōƛƭƛǘȅ ƻŦ άCέ ƻŎŎǳǊǊƛƴƎΣ ǊŜƎŀǊŘƭŜǎǎ ƻŦ ǿƘŀǘ ǿŜΩǾŜ ƻōǎŜǊǾŜŘΦ 

The fundamental idea is that the Bayesian approach multiplies likelihood by a prior to obtain a 

posterior.  

Visual Explanation: 3D  
Here is an example of what things look like in 3D: 
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Prior  

 

Likelihood  

 

Posterior  

 

 

Visual Explanation: 2D  
Here is the same example in 2D: 
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Prior  

 

Likelihood:  

 

Posterior  

 

 

Bayesian Example 1: Probability of Cancer  
What is the probability that you actually have breast cancer (ὅ ) given that your mammogram test 

indicates you have cancer (Ὕ)? That is, we want to know ὖὅȿὝ . 














































































